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PRIZE PROBLEMS FOR STUDENTS. 


I. A and B can do a piece of work in m days; B and C in 2 days; 
in what time can A and C do the same, it being supposed that A can 
do p times as much as B in a given time? 


__ 3+ V a 2— V3 a 
Il. Show that 53 /@+ys) + \y2—ve—v5 — V2: 


III. Find the roots of the equation z* — 6 z= 4, by trigonometry. 





IV. Four persons, A, B, C, D, in order, beginning with A, cut a 
pack of cards, replacing them after each cut, on condition that the 
first who cuts a heart shall win. What are their respective prob- 
abilities of success ? | 

V. The notation of Problem V. in the November number of the 
Monthly being retained, prove that in the plane 

cot } A + cot} B+ cot} C= cot} A cot} B cot} C; 


and in the sphere 
cot $A + cot} B+ cot} C= cot} A cot} Beot4 C el 
cos 3” cos 8” cos 8 


os 8 
oe ne teh £F Soo 
A omg + cot $B” 2 + cot 4 C. ho cot $ A cot Beot4 0 aap 


The solutions of these problems must be received by March 1, 
1860. 
VOL. IL. 14 
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REPORT OF THE JUDGES UPON THE SOLUTIONS OF THE 
PRIZE PROBLEMS IN No. I., Vol. II. 


The first Prize is awarded to J. D. Van Buren, Rensselaer Poly- 
technic Institute, Troy, N. Y. 

The second Prize is awarded to O. B. Wuerrter, Sophomore class, 
University of Michigan, at Ann Arbor. 


The third Prize is awarded to Grorce H. Tower, Classical High 
School, Petersham, Mass. 


PrizE SOLUTION OF PrRoBLEmM II. 


By Perrin B. Pace, Nunda, N. Y. 
In any plane triangle, prove that the sines of the angles are inversely as the perpen- 
diculars let fall from them upon the opposite sides. 
Let A BC be the triangle, and 
denote by a, 4, c, the perpendiculars 
dropped respectively from the angles 
A,B,C. By trigonometry 


1 sin A __sinB __ sin 84 
(1.) BC” AC” AB’ 


By geometry, twice the area of 
AB Cis 
(2.) BCX e=mACKi=ABX «. 
Multiplying equations (1) and (2) together, member by member, 
gives, 
snA xX a=snB Xx b6=sinC Xe; or, 


sn A:snB:sinC=ec:b:a. 
Seconp So.vtion. — By definition, 
a ce 


b _ € — —_ 
AB~ AC’ pam ee ES ay 
; snA4 6 BC 
** e606 hCmSCURO 


sin A = 
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~.snA:snB=b:a=>BC:AC, 
which not only proves the proposition, but also that the sines of the 


angles are proportional to their opposite sides. This is a slight modifica- 
tion of W. C. Hencx’s solution. 


Prize SOLUTION OF ProsBLem III. 


By Isaac H. TuRRELL, Mt. Carmel, Indiana. 


Having given the diagonals of a quadrilateral inscribed in a given circle to determine 
its sides geometrically, when the diagonals intersect each other at right angles. — Com- 
municated by Professor D. W. Hoyt. 


Let AB and CD be the given diagonals. Inscribe AB in the 
given circle. Next, draw parallel to AB and at a distance from the 
centre equal to one half the other diagonal CD, 
the line CC’. From either extremity of this line, 
as C, draw a line perpendicular to A B and produce 
it till it meets the circumference in D. The line 
C D is therefore inscribed in the circle, perpendicu- 
lar to AB, and A CB D is the required quadrilat- 
eral. Cuarves B. Boureize’s solution is essentially the same as the 
above. 


Prize SOLuTION OF Prosiem IV. 


By J. D. VAN Buren, Rensselaer Polytechnic Inst., Troy, N. Y. 
(l.) ro+yz=—ab, (2.) zy+2zw=ad 
(3.) xz+yw = bd, (4) 24+wv>/74+ 2; 
to find the values of x, y, z, and w.— Communicated by Professor D. W. Hoyt. 


Adding and subtracting (1) and (3), (1) and (2), and also multi- 
plying (3) and (2) together, we obtain 


i cdg te (1) cpen ted 


z+tw ’ 


(6.) imine 


wy ’ 


z—w ’ 
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(9.) ye(?@+wv)+eu(2+/7)=—abe. 
Combining the products of (5) and (6), and (7) and (8), with (9) and 
(4) respectively, we get 
G—Y=4+byP—e,~—v’ = + ayP—#, 24+-7=?=/+2. 
Therefore, oe 
27=—@+byd*—@+ayh — a’, 
ee tT ee ee eee | 
27— +b yVd*—e@ sig tg 
22=—@7+by¥0e—e@trayPr—. 
Whence we obtain the values of the required quantities by dividing 


by 2 and extracting the square root. Similar solutions were given 
by Witu1am W. Jounson and O. B. Wuee ter. 


O. B. Wueeter remarks that the equations of Problem IV. are 
readily obtained from the figure of Problem II]. From geometry 
we have, “ The rectangle of the two diagonals is equivalent to the sum of the 


rectangles of the opposite sides,’ which is (1). We have (2) and (3) by 
the proposition, “Jn any triangle the rectangle contained by two sides is 
equivalent to the rectangle contained by the diameter of the circumscribed 


circle and the perpendicular let fall on the third side ;” and (4) from the 
sum of the equations 


AP=v7—DEF=y/—L£C, 
BE=#f—EC=27— DE 
The connection between Problems III. and IV. was also noticed 
by W. C. CLevetanp, who gave the following geometrical demonstra- 
tion of (4). 
Let the chord ( C” be drawn parallel te AB; then AC’ = BC 
= 2, angle ( CD= 90°; 
-. C Disa diameter ; Ow on &. 
Similarly 7? + 2 = d*; whence equation (4). 
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Prize SoLuTion OF ProBLem V. 
By J. D. Van Buren, Rensselaer Polytechnic Institute, Troy, N. Y. 

If, in a plane or spherical triangle, A, B, C denote the angles, and a, 6, ¢ the opposite 
sides respectively ; if r, g@ denote the radii of the circumscribed and inscribed circles, 
and 6 the distance between the centres of these circles; then in the plane triangle 

sin A + sin B+ sin C= 4 cos} A cos} B cos} C, 


and in the spherical triangle 


sin A + sin B+ sin C= 4 cos} A cos} Beos} gt _ 


cos rT COs p” 


Plane Triangle. We have from plane trigonometry, 


° 2k , 2k ‘ 2k 
sn A= >, sn B=, sin C=-—, 





when ¢ = /s(s —a)(s—6)(s—e), ands=}(a+ 6+ ¢). 
-, sn A+ sinB-+ sin C= 2k (a+ b-+c) _ 4ks 


abe ~~ abe’ 


Also, cos } A= 29 i ), cos} B= yo) — me ), cos} C= 2. 


*. cos} A cos} B cos } o= +, 


-, sin A + sin B+ sin C= 4 cos} A cos} B cos} C. 


Spherical Triangle. We have, from spherical trigonometry, 


. 2k ° 2k ° 2k 
sn A= ——, sn B= —_, sn C= —__, 
sin b sine sind sinc sin @ sin b 
in which 





k = y sins sn (s — a) sin(s — 6) sin(s —c), and s = 4 (a+4-+¢). 


- . . 2k (sina + sind + sinc) 
SS 1 Pee eaten 
Also, 





sin b sine ? 


sin s sin (¢ — sin § si poe 
cosf A= y/ Sa G—a) cos } B= y/ Sen b) 


sina sine 


cos} C= [sine in (0 =<) 
. sina sind 
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k sins 
... cos4 A cos4 B cos} C= -——_____.. 
sina sind sine 


But we have (Cuavvener’s Trig., p. 251, and Eq. 319), 





cosd  _—s sina ++ sind ++ sine 
“ 7 ' 


cos r sin g 2k 


k cos 9 . cosS _—s sina + sinb + sine 


*, sane = — iM : 
* ? 61n § cos r COS @ 2 sins 


cos 5 k (sina + sin d+ si 
(2.) .:. cos} A cos} B cos} C. = hes sine) 
‘i COS 7 COS @ 2 sina sind sine 


Therefore, by comparing (1) and (2) we get 
sin A + sin B + sin C= 4cos} A cos} B cos} C = 


* cos rT cos @° 


Sreconp SOLvrIon. 


By 0. B. WHEELER, University of Michigan. 

Plane Triangle. Since in a plane triangle }(A-+ B+ C)= iq, 
we have 
(1.) cost (A+ B+ C)=cosixa= 0. 
(2.) cos (— A+ B+ C)= cos(4a— A) = sinA, 
(3.) cos} (A — B+ @C)= cos(4a— B)= sin B, 
(4.) cos} (A+ B— C)=cos(ta— C)=sin C. 

Taking the sum of (1) and (2), and also of (3) and (4), we obtain 
(5.) 2 cos} Acos} (B+ C)= sin A, 
(6.) 2 cosi A cos} (B— C)=smB+smC. 
Adding (5) and (6), developing and reducing, we have 

4 cos} A cos} B cos} C= sinA-+ sinB+ sin C 


Mr. Wueeter’s solution for the spherical triangle is essentially 
the same as the one already given. 
Smon Newcoms. 
W. P. G. Bart err. 
Truman Henry SAFFORD. 
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ANOTHER SOLUTION OF PRIZE PROBLEM I., No. IX. 


By GrorGE Eastwoop, Saxonville, Mass. 


TuERE are two ways of solving a geometrical problem geometrically. 
One way is to solve it by synthesis, the other way is to solve it by 
analysis. In solving a problem by analysis, 
we assume that the work zs done ; and then 
proceed, as the word implies, to take it to 
pieces, and to examine and develop the 
properties of each part and its relations to 
all the other parts. To solve the same prob- 
lem by synthesis, we proceed to construct it 
upon elementary principles, from the given 
data and such combinations of them, as the exigencies of the case 
may require. We have a beautiful illustration of the synthetic 
method in Mr. Evans’s solution of Prize Problem I. of No. [X., pub- 
lished in the last Monthly. The following solution of the same 
problem is offered to young students as a simple specimen of the 
analytic method.* 


Analysis. Suppose the thing done, that A CB is the required tri- 
angle, and that AF BE, G HJ, are its circumscribing and inscribed 


circles. Join 0, 0’, the centres of the circles, and draw the radii 
OG, O H, OT, to the points of contact G,H,Z Draw the diam- 
eter EF perpendicular to the hypothenuse AB, and CD perpen- 
dicular to E F. 
By the question, we have given, 
AC—BC=(AG+ 6 0)—(BH+ HC) 
= AI— BI=2 OFT=2 MN suppose. 





* Strictly speaking, the two ways of solving a geometrical problem, above indicated, 
are not two distinct and independent methods of doing the same thing, but rather the 
different parts of one full and perfect method. The one process is the reverse of the 
other, and the use of each is indispensable to a complete solution. 











Also, we have given, 
AB—BC=(Al+ IB)—(JB+1I0)=AI— TIO, 
which suppose equal to2 ZK. Take 2 MN from 4 LK, then 
AI+ BI—2I0=4LK—2MN; 
§ AO=2LK—MN4ITIO. 
By Prop. VL, Liverpool Student, EO. F D= OI? = M N*; so that 
when LF O = A O is found, F D will be given. 
By Prop. 47, Eue. I. 

OP+0P=C0P=AI(AO—20T) 
=(2LK—MNY—OP=(2LK— 0l~y—O?, 
“CO P=2LK(LKE— MN). 

As LI K and MWN are both given lines, therefore 0’ J is given. 

Hence this 

Construction. Find (Kuc. VI. 13) O’ Ja mean proportional between 
22 Kand LK — MN, and with centre O and radius OA>=2LK 
— MN-+ Of, describe a circle. Draw the horizontal and vertical 
diameters A B, FE, and upon FF apply (Euc. VI. 11) #D a third 
proportional to LO, OL Draw DC parallel to AB to meet the 
circle in C, and join A C, BC; then A CB is the required triangle. 
The demonstration is evident from the analysis. 





NOTES AND QUERIES. 


1. Note on Decimals. — Decimals should be taught in written arith- 
metic in connection with whole numbers. Let them be treated in 


the same manner as whole numbers, and not as common fractions, 


there being no necessity for confusing the mind of the pupil by 


writing the denominator. In 31.3 there is no more need of indi- 
cating that the three standing in tenths’ place is divided by ten, than 
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that the three standing in ten’s place is multiplied by ten. The 
pupi can readily be made to understand these relations without the 
divisor or multiplier. There should be no separate divisions in 
arithmetic for Decimal Fractions and Federal Money. The four 
simple rules should embrace these, and Percentage and Interest 
should be treated immediately after as a development of the decimal 
notation. The tables and Compound Numbers should immediately 
precede Vulgar Fractions,— the former mcreasing in an irregular 
ratio, and the latter decreasing in an irregular ratio. If authors in 
writing arithmetics would observe this order, it would result in great 
advantage to the learner. — Samuet P. Bares, Superintendent of Pub- 
lic Instruction, Crawford County, Pa. 

2. Reduction of Fractions to a Common Denominator. — After the pupil 
has thoroughly learned that multiplying or dividing both terms of a 
fraction by the same number does not change its value, he is then 
prepared to learn how to reduce fractions to a common denominator. 
The following process is very simple, and the pupil should be re- 
quired to repeat it until it is thoroughly understood. 

Let it be required, for example, to reduce 74, 7%, 3%, 42, 42 to 
a common denominator. First, resolve the terms of all the fractions 
into their prime ap 
factors, and write 
them in a horizon- 
tal row. Now it 
is evident that 
when the denomi- 


| 


oo SN wy 


nators are com- 
mon they will con- 


bo! bo 
rel 
ro} ro Sto one 


7 
= 
7 


tain the same fac- 


tors. Let us first compare them with reference to the factor 7. 
This factor is found in all the denominators but one; and in order 
VOL. II. 15 
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to make them common with reference to 7, it must either be intro- 
duced into the denominator of the 2d fraction, or removed from the 
denominators of all the other fractions. But to remove a factor 
from the denominator of a fraction without changing its value, it 
must be removed from the numerator also. Now 7 is a factor in 
only one of the numerators, and the denominators cannot be made 
common by removing the 7. It must therefore be introduced into 
the denominator of the second fraction to make the denominators 
common; and also into the numerator, in order not to change the 
value of the fraction. We thus get the second row. Next compare 
the denominators with reference to the factor 3. It is found in only 
two of them, from which it may be removed, since it is also found 
in the corresponding numerators. Thus we get the third row. (It 
is plain, that instead of removing the factor 3 from the 2d and 5th 
fractions, the denominators might be made common with reference 
to 3 by introducing it into the terms of all the other fractions. We 
should not, however, in this way reduce the fractions to their least 
common denominator.) Next introduce the factor 5 and get the 
fourth row; and lastly, introduce the factors 2.2, which makes all 
the denominators common. — TEACHER. 

3. Note on the superior limit of the Roots of an Equation. 

Prop. I. The greatest negative coefficient of an equation, plus unity, is a 
superior limit of is roots. 

Proor. Let us assume the general equation, 

a+ Axv-'+ Ba-? + Na—t'+ V=0. 

A superior limit of the roots of an equation must produce a posi- 
tive result when substituted for z; that is, the sum of all the positive 
terms must exceed the sum of all the negative ones by some quan- 
tity R. The most unfavorable case evidently is that in which al 
the terms after the first are negative and have equal coefficients. Under this 
assumption our equation becomes 





ao — No-'— 
Suppose a to be greater than the greatest root, then 
a — Na-1— Na? — iV .s 


a® — N(a'— — a 


—x(z = )= — 1 


a" — 1 » a” N 
o = W(SS) 4+ R= 24+ 


$ 


N 
Now suppose a to have been so taken that -— = &, as may 


1 
always be done; then we shall have 


Na ; . 
a = ora—1= VJ, ora=N+1. 


a—V 
But a> 2, .°. N+ 1> 2; and hence V-+ 1 isa superior limit, 
as was to be proved. 

Prop. 2. Jf unity be added to that root of the greatest negative coefficient, 
which ts denoted by the number of terms preceding the first negative term, 
the result will be a superior limit of the roots of the equation. 

In the equation 


a+Ax—'4+ Ba-?+...— Ke '4+..—Pxr"..4 V=09, 
suppose XK to be the first, and P the greatest, negative coefficient, 
and r the number of terms which precede the first negative term. 
Evidently the most unfavorable case is that in which the coefficients 
A, B, C, &c., preceding K are zero, and all the coefficjents K, L, ©, 


&c., are all negative and equal. Under this supposition our equation 
becomes 


" ; cere 
¢— Pf —_—*) — R, 
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ears —. B Pa-rt 


@= P(A) + 8 = Ste 


‘ P 
Suppose a to have been so taken that —~-; = AR, as may always be 





done ; then we shall have 
= a or(a—l)ad@-'=>P. Buta—1 <a; 
we. (a—ly <a, (a—1yY < (a— 1) a". 
Therefore, since (4 — 1) @—*= P, (a—1yY <P; 

‘..a—1l< VP, ora<VP+1 
But a> xz, .:.YP + 1> 2, as was to be proved.— E. B. Weaver, 
Normal School, Lancaster Co., Pa. 


n 


a 





ANALYTICAL SOLUTIONS “OF THE TEN PROBLEMS IN 
THE TANGENCIES OF CIRCLES; AND ALSO OF THE FIF- 
TEEN PROBLEMS IN THE TANGENCIES OF SPHERES.” 


By GrorGE W. CoAkLay, Professor of Mathematics, College of St. James, Washington Co., Md. 


Part of the title of this article is derived from that of Major 
Atvorp’s paper in the eighth volume of the “ Smithsoman Contributions 
to Knowledge.” The analytic solutions here given were obtained in 
the winter of 1856, soon after I became acquainted with Major 
Atvorp’s paper; they were attempted in consequence of the state- 
ments in that paper, that no mathematician had yet succeeded in 
reducing the analytical solution of these problems to equations of 
the second degree. At the end of his geometrical solutions, Major 
Atvorp states, that the algebraic solution leads to an equation of the 
eighth degree when applied to the most general problem of the tan- 
gencies of circles; and to an equation of the sixteenth degree when 
applied to the most general problem of the tangencies of spheres. 
It will be found, however, that in this article both of these general 
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problems, which include all the others contained in the Smithsonian 
paper, are solved completely by equations not surpassing the second 
degree. The solution of the particular problems included in the two 
general problems here treated may be obtained either by applying 
to them the general equations developed in this article; or by treat- 
ing them separately in a similar manner, the process being of still 
easier application to most of these particular problems. Thus the 
whole twenty-five problems of the Smithsonian paper may be con- 
sidered as reduced to equations of the second degree, when the two 
most comprehensive problems have been so reduced. 


First GENERAL PROBLEM. 
“ To draw a Circle tangent to three given Circles.” 

Let the radii of the given circles be denoted by 7, 72, 7s, respec- 
tively, and let the corresponding co-ordinates of their centres be 
denoted by (a, 5,), (de; 52), (a3, 43); also let g, (a, 8) be the radius 
and centre of the required circle, all being referred to any system 
of rectangular co-ordinate axes in the common plane of the circles. 
The equations of these circles will be respectively 


(1.) (7— ay + (y—hP = ri, 
(2.) (x7 — a) + (y — he) = ry’, 
(3.) (x — a3) + (y — bg? = rs, 
(4) (x — a)? + (y— By = @’, 
Let 2, y; be the point of contact of (1) and (4), 
Jn“ ' “ (2) and (4), 
“ fo Is . ” (3) and (4). 
Then the point 2, 7, must satisfy the conditions, 
(5.) (x, — a)? + (y — 4 = 3, 
(6.) (%, — a? + (~ — BY = @, 
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(7.) dm 2, — ea 


dx, nz—h yw —P? 
and similar conditions exist for the circles (2) and (3) combined with 
(4); but they may readily be derived from (5), (6), and (7) by 
simply changing the subscript 1 into 2 or 3. 
From (7) we have 
(x, — @,)’ z,—«a)? 
(x1 may tT vin — 7 ile 


. 
r) —s @ 


"(nw — bP (yw — 8)” 





yp — B= +i (n—hy), 


%—a=+- 


: __ 18 Fhe 
+ = “ate” 


r) (8 — 4) 


i hi = 
“A ' 1 Fe 


Hence equation (5) becomes 


(a — am) + (B — hh) = (1 + @, 
(A.) and in like manner (a — a.) + (8 — &)? = (rz F @), 
(a — as) + (8B — 63) = (73 F @). 
These equations evidently express the fact that the distance be- 
tween the centres of any two of the tangent circles is equal to the 
sum or difference of their radii according as the contact is external 
or internal. It is also evident that the following are all the cases 
that can possibly occur, viz. :— 
The required circle touches the circles (1), (2), (3) externally, 
a « - « (1), (2), (8) internally, 
« . * ° (1), (2), ext. and (3) int., 
«“ “ “ “ (1), (3), ext. and (2) int., 
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The required circle touches the circles (2), (3), ext. and (1) int., 
“ “ a“ * (1), (2), int. and (3) ext., 
« « “ . (1), (3), int. and (2) ext., 
« « « ” (2), (3), mt. and (1) ext., 
making eight cases, (the number found by Major Atvorp,) each of 


which is solved by a proper combination of the algebraic signs in 
the equations (A). In order to embrace all the cases in one solution, 
let RR = +7, R,=+tr Ry = +73; then equations (A) may 
be written 

(4 — mF + (8 — 4 = [+ (@— 2%)" 
(A’) (a — a2) + (8 — be)’ = {+ (9 — Aa)}? 

(% — as)’ + (8 — 65)’ = {+ (9 — Ry)}*. 

To find the values of the unknown quantities, a, 8, e, let 


(10.) a= A, 9+ A, B=B, e+ B, 

A,, A, B,, B, being functions of the given quantities, readily deter- 
mined in each case by equations of the jirst degree in the following 
manner. 

Developing the squares in the three equations (A’), and subtract- 
ing in turn the members of the first from those of the second and 
third, we have 
2 (a,—4;) a--2 (6, —b,) B= 2 (R,— Ry) ea,’ — a? +b? —b — (RP —R,’), 
2 (a,—4a) a-+-2 (b,—b,) B= 2 (R, — Rs) o++- a? —a,? +b — bP — (R2— RZ). 

Substituting from (10), the values of a and 8, equations (11) 
become 

2 §(a, — a) A, + (6, — b) BY 9 + 2 (4 — a) A, + 2 (1, — 4.) R= 
2 (R, — #,) 9 + a? — a? + 6° — 4 — (R? — RY), 
2 §(q — as) Ai + (b, — bs) By e+ 2 (a, —a5) A, + 2 (6, —b;) B= 
2 (R, — R;) eo + a? — a? + 62 — 62 — (R? — R?). 
Now the two equations (11) are insufficient to determine the values 
_ of the three unknown quantities, a, 8, 9; hence the result of the 


(11.) 
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preceding substitutions must be to give identical equations, or those 

capable of being verified by any value of @ whatever; hence the 

coefficients of the corresponding powers of g must be equal. 
Therefore 

(a, — d_) A, + (4, — &) By = RK, — R, 

(a, — a3) Ay + (4, — 43) By = KR, — Ry, 


(13 ) (a4, —a_) A,-+- (6, —b,) Bo =} {ay —a?+-b?—b?—(R?— R,?)}, 
(a—4s) A,-+-(b,—4;) Ba=4 {a?—ae+t-b?—b?—(Re— R?)}. 
Hence 


(12.) 


_ (Rh, — R,) (6, — bs) — (BR, — Rs) (b, — 2) 
<a (a, — a) (b, — bs) — (a — ag) (b, — by) 
__ (R, — #) (a, — a.) — R, — R,) (a, — ay) 
— (a, — ay) (b, — b3) — (a — a) (4, — &) ” 


and by putting 
D= a? — a}? + 62 — 6? — (R? — R?) 
E= a? — a} + b? — b, — (R? — R,?) 
F = (a, — a) (b, — bs) — (a, — a3) (4, — be), 
we also get 


__ ( —b) D— (b, — b,) E _ (4— a) E— (a4 —a,) D 
(15.) A, — oF ? B, —— oF > 





(14.) 











Thus the coefficients, A,, B,, A, B., of equations (10) are entirely 
determined in terms of the given quantities. From equations (10) 
we have 


a — a, = A, (e— R,)+ A,+ A, Ri —a,= A, (e— R,) +m 
B—b,=— Bi (e—R#,)+ B+ BR, —b,= B,(e— R,) +2, 
by making 

(17.) m= A, + A, Ri — um, n= R, + B, R, — d,. 


Hence the first equation of (A’) becomes 


(16.) 








mA,+n m? + n? 
(8) @— RF — TO ATS ¢~ 2) = at 


1 — (A?+ B?) 1— (A? + BS)’ 





Hence 
or mA, +n B, + ym + n* — (n A, — m B,)? 
(19.) e = Rh, + Dati (A? + B) —a ° 


Thus the equations (10), (14), (15), (17), and (19) completely solve 
the problem for every possible case. 








It is evident that the problem is impossible whenever 


(nA, —m By > n? + 2’; 
and that of the two roots in (19), the one which gives a negative 
value for g is to be interpreted as giving a circle of contact the 
reverse of that implied by the values assumed for #,, R,, and Rs. 
If, for example, the value assumed for &, implied ezternal contact, 
then the negative value of g would indicate internal contact with the 
second given circle. 

I shall apply the preceding formule to determine the circle 
which passes through three given points, regarded as circles of 
infinitely small radius. Let the axis of abscissas pass through two 
of the given points, (a2, 4.) and (a;, bs), and let the origin bisect 
the distance between them; hence a, = — 4d, b, = b, = 0; also, 


Ty = lq = 13 = O=: £,= R= Ry 
Hence A, — 0, B, =— 0, A, — 0, 


a? — 5° — a} 


t=—t 8a ; 





oS + Gi —ti— ay 


2 ae 
4b, 
ay — 6' — a,’ 


b, 


The remaining point, (a, 4,) is thus far subject to no restriction ; it 


e=6,8=} 


is anywhere on the plane of the co-ordinate axes. If now we sup- 
pose first that it is on the same straight line with the other two 


points, then 4,—= 0; hence B= 0, e@—=-+ 0. Hence the radius 
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of the circle passing through three given points on the same straight 
line is infinite, and its centre is at an infinite distance from that line. 
The double sign of g shows that the contact may be considered in 


this case either external or internal. Secondly, if we suppose the 
point (a, 4,) to be on the axis of ordinates, at a distance from the 
origin equal to a, then a,=— 0, 4, =a B=0, a=—0, m= 0, 
n= — M, @ = + &, the circle having either external or internal 
contact with the three given points; and it is obvious that the 
results are correct. 

As a second example, let it be required to find the circle which 
shall touch eternally the three circles whose radii and centres are as 
follows : 


A= 1, % = §, %; == 3, hence 2, = — 7, = — 1, 

6, == 9, A, = 5, a; = — 3, « k= —m= — 3, 
& == G, & == @, b, = 4, “« R= —r, = — 2. 
It will be found that A, —=— 0.4, Bj, = — 0.55, A, = 1.7, B, = 4.025, 
m= 2.1, n= 4.575, @ = 2.05672, a = 0.885312, B = 2.904804, 

and the equations (A), or (A’), will be found to be satisfied. 


Seconp GENERAL PROBLEM. 
“ To draw a Sphere tangent to four given Spheres.” 

Let the radii of the given spheres be denoted by 7, 72, 7's, 74, and the 
co-ordinates of their centres by (a, ),, ¢1), (de, be, ¢2), (a3, 43, €3), 
(a4, by, e,); let @ (a, 8, y,) be the radius and centre of the required 
sphere ; all being referred to rectangular co-ordinate axes in space. 

It is evident that by an analysis similar to that for the circles, 
the distance of the centre (a, 8, v,) from each of the centres (a, 4, ¢,), 
&c., would be found equal to the sum or difference of the corre- 
sponding radii, according as the spheres had external or internal 
contact ; hence to determine the four unknown quantities, a, 8, 7, @, 
we should have the four equations 
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(a—ay+ (B—4aP+(y—al=(etny, 
(a — a) + (B — bY + (y —aP = (9 + rf, 
(a — a3) + (8 — bP + (y — oP = (9 + J, 
(a — ay + (8B —&P + (y—aP=(e + nS. 
Or if, to embrace all the cases in one solution, we put 2, = + ”, 


R, = + rm, &e., the preceding equations may be written 


(a — am) + (8 — hf + (y —afP = (eo — hy, 
(a — a) + (8 — b,)’ + (y — @) = (oe — Ray, 
(a — a3)’ + (B — bs)! + (¥ — 3) = (9 — Ba)’, 
i (a — ay + (8B —&yP + (y — 4) = (9 — By. 


(1.) c= A, Qe a Ag, B = B, Q + B,, = C; Q op C. 


Then, by an analysis precisely similar to that employed in the gen- 
eral problem of the contact of circles, the following equations will 
be found for determining the values of A,, By, C,, A, B., C. 

For the sake of abbreviation, let 


M, = a? — a? + b? — b,? + ¢? — ef — (Rk? — R,), 
(2.) My = a? — a? + b2 — b? + ce? — ce? — (R? — RF), 

M, = a? — af + b? — b? + ¢? — ce? — (R? — ty"); 
then 

(a, — a) Ay + (b, — db.) By + (9 — &) C= KR, — hi, 
(3.) (a — ag) Ay + (6, — 3) By + (e, — es) CO = KR, — Ry, 

(a, — a) Ay + (6, — &) By + (q — ey) (= Rk, — Rh, 


(a, — a) Az + (6, — 2) By + (4 —&) G= 
(4.) (4, — a3) Az + (d, — bs) By + (4, —%) G= 
(a, — a) Ay + (b, — &) Be + (4 — 4) G= 


(C.) 


(C’) 


MN, 
M,, 
M,. 


bo} ltt 


In order to abridge the expressions for A,, A,, &c., resulting from 
these equations, let 
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P,= (b, — bs) (ce, — ¢) — (4, — ),) (¢ — ¢3) 


- (4, — b,) (c, — ¢) — ( — b) (¢, — e)? 
(9) Q — GO —&) G —_ C2) — (b, — b) (4 — %) 
lie (6, — b,) (e, — ¢s3) — (b, — 63) (e¢, — e)° 





Changing 4 into a, and a into 4, in these expressions we have 





(a, — a) (¢, — ¢) — (G4 — as) (4, — &)’ 
” Q, = ==) — 4) 2) 


(a — @) (¢, — ¢3) — - (a - — ds) (¢, — ¢,)° 


P,= (a —- — 4) ( ss ¢4) = (4 aan My) (e, —_ — ¢3) 


Changing again ¢ into J, and 4 into ¢, in the last formule, we have 


P __ (a, — 45) (2, — &) — (a — 4) (4, — 4) 

a ee ~~ (a, — ay) (b, — bs) — (a, — ay) (6, — &)’ 
(7) @, = (4) (hy = 8) = (4 = a) (=) 
(a, — a.) (b, — bs) — (a, — az) (2, — b)° 





A — (Ri Bs) Po + (Bi — Bs) +R —R 
1. = - eee 


(a — a) P, + (a — as) Q+a—a 
. » __ (RF, — R,) P,+ (Rh, — B) O+ Ri — RB, 
(8.) ow <<" ).e) = 1 tis 
C, (Rk, — R.) P. + (Ri — RB) Q.+ Bi — RP, 
an (¢; — ¢) P. + (e, — ¢&) @ + a — % ° 
A, i M, P, + Ms Qa + M 
2 (a — ay) Pa + (a — 5) Qa fa — 44” 
B. M, P, + M, Q,+ M, 
2=2G—F Ath) ats, , — &,? 
0  _ MhP+MeAe+mM 
2 2 (eq — &) Pe + (a — 65) Qe Fr — 














Equations (1) may be written as follows: 


a —a, = A, (e— &,)+ 4, 
(10.) B—b=— B,(e— &) +m, 
y¥—-4= GA(e— Ai)+% 


by making 
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k —= A, Rh, a A, = A; 
(11.) n= B, R, +. B, on b,, 
a= Ck, + G&—«. 
Then the first of equations (C’) becomes 
2(k A, +m B, +n C) R.) = + m? + wn? 
1— (42+ B+ oF (9 — 44) = pores OD: 
Hence, by putting 


G = (m A, —k BY + (nA, — k GY + (n B, — m GY, 
we get 
(2) p= a4 etnatese 

Thus the problem is solved analytically hy means of equations 
not transcending the second degree. 

The number of cases of a sphere touching four given spheres may 
be determined as follows: 

The required sphere may touch the four given spheres all exter- 
nally, 1 case; or all internally, 1 case; or two internally, two exter- 
nally, 6 cases; or three externally, one internally, 4 cases; or three 
internally, one externally, 4 cases; making sixteen cases, as found 
by Major Atvorp, all included in equations (C’). 

I must not omit to notice what would otherwise seem to be a 
defect in the preceding solutions. In both problems there seem to 
be exceptional cases to which the formule are inapplicable. For 


example, in the tangencies of circles, if }, = 4, = 4, then it appears 


0 es aia , . 
that A, = ? 4= 4 and it is impossible to determine eg, a, 8, by 


the proposed method. The reason of this is obvious; for the 
assumed equations (10), in the first problem, were only employed 
because the two equations (11) contained three unknown quantities, 
a, 8, g, and were, therefore, indeterminate. But when b, = b, = dz, 
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one of the unknown quantities, 8, disappears from the equations 
(11); hence the assumed equations (10) are inapplicable, and, at the 
same time, they are not wanted; for « and @ are then determined 
by the two equations (11), each of the jirst degree, and then f is 
found from either of the equations (A’) of the second degree. The 
same considerations apply to the corresponding case of the second 
general problem, when, for example, ¢, = cz = cz; = ¢, in which 


0 0 0 0 
case P, = > @. = > P, = . 06.= 53 hence A,, B,, A,, and B, 


are indeterminate. But under these conditions the unknown quan- 
tity v disappears from the three equations of the jirst degree obtained 
in the early part of the process; hence the remaining quantities, 
a, 8, 9, are easily found, and thence y from one of the equations 
(C’), of the second degree. Thus in every case the problems are 
brought within the resolution of equations not surpassing the second 
degree. I might now give various applications of the second prob- 
lem which I have computed, but omit them for fear of occupying 
too much space in the Monthly unnecessarily. 





INSTANCES OF NEARLY COMMENSURABLE PERIODS IN 
THE SOLAR SYSTEM. 


By DanteL Ktrkwoop, Professor of Mathematics, Indiana University. 


Tue following instances of nearly commensurable periods in the 
solar system have not, I believe, been previously noticed : — 
For the 3d and 4th satellites of Jupiter we have 
7P™ —3 P™ = 22m 248 = 
For the Uranian System, 
138 P™ —4P™ = 26m 438 
10 P™ — 21 P™ = d5lm 6s 


For the asteroids and major planets, 
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11 periods of Mars = _ 5 periods of Astrea. 
1 period of Jupiter * Calliope. 
3 periods . . Clio. 
. * . ; Virginia. 
. * “ Doris. 
s | ” Ariadne. 
7 * ” Polyhymnia. 
1 period of Saturn Ariadne. 
2 periods . Leda. 
We have also, 
8 periods of Jupiter = 7 periods of Turriz’s Comet. 
6 . Satun = 13 - . 
31 . « == 13 . Hattry’s Comet. 
6 . Neptune = 15 . ° 
Remarks. — The periods used in (a) are taken from Herscuet’s 
Outlines; those in (2) and (c) from the Proceedings of the Ameri- 
can Association for the Advancement of Science, 1854, p. 55. The 
periods of the asteroids are taken from the Mathematical Monthly 
for February, 1859. The period of Turrzez’s Comet is adopted from 
Goutp’s Astronomical Journal, No. 118. That of Hattey’s is the 
mean of the six periods from 1378 to 1835. The epochs at which 
Neptune must have great perturbing influence on the motion of 
Hattey’s Comet are separated by intervals of about 988 years. The 
last occurred in the early part of the fifteenth century ;— the next 
will be about the beginning of the twenty-fifth. It may also be 
remarked that the planets Jupiter and Uranus present a case of 
almost exact commensurability. Eighty-five times the period of the 
former, minus twelve times that of the latter, forms a quantity which 
amounts to only ;;/55 of the period of Uranus. Hence in about 


1008} years from the epoch of any conjunction of these planets, 
another conjunction will occur only twenty-three minutes from the place 
of the former. 
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THE ELEMENTS OF QUATERNIONS. 
[Continued from Page 101.] 


IV.—Scatars AND VECTORS. 


i. oe e = 0°, or = 180°, then 8 has either the same direc- 
tion as a or the opposite, and g degenerates into either a positive or 
negative real number, and is then called a Scalar. Like tensors, 
scalars may be applied to any line in space without regard to its 
direction ; and like them, they are commutative in combination with 
any quaternion. The product of scalars is evidently a scalar; and 
the conjugate of a scalar does not differ from the scalar itself. 

20. If a qg= + 90°, then ¢ is called a Vector. Vectors will be 
denoted by 2, 2’, &c. It is evident from (4) and (3’) that 


(16) Kv => — 2. 
If Tv = m, then by (11), 


(17) v= — mm; 


that is, the square of a vector is a negative scalar. The square root of 
(17), »v = m ¥ — 1, may be regarded as the expression for a vector 
of indeterminate axis, whose tensor is m. Whenm= 1, v= y — 1 
is called a unit vector. —1, may be used to denote this vector, 
when its axis is fixed in the direction of Ax.g. The geometrical 
signification then of ¥—1 in this system, is the operation of turn- 
ing any line to which it may be applied through an angle of 90° 
around any axis perpendicular to that line. Any quaternion may 
be expressed as a power of a vector, since, by (11), if, m being a 
positive number, 

(18) q=([mV¥—1,), then Tq = m, Zq=—n90*, 


and the independent real quantities m and n are sufficient to deter- 
mine Tg and <4. 
21. The lines @ and 8 being given, let the directions of the lines 


y and é be respectively parallel and perpendicular to that of a, and 
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let their lengths be such that y+ 8— 8. These conditions com- 
pletely determine y and 4, both of which will be in the plane of a 
and f. Then, by § 8, 


q=B~-a=—(7+8)+a>y+a+d~+a; 

but y + a@ is a scalar, and 8 — a@ isa vector. Any given quaternion 
then may be resolved into a sum of two other determinate quater- 
nions, one of which is a scalar, and the other a vector; in this case 
the former is called the scalar of the given quaternion, and the latter 
its vector. The scalar of a quaternion, g, is written Sg, and its vector 
Vq; thus 

(19) gq=8qt+Vq=Vq4+S8y¢. 

From § 19, (16), and (4) we obtain 
(20) KSq¢q=Sq=SKqg KVqg=—Vgq=VKgq; whence 
(19 a) Kg=Sq—V¢q. 

The sum and difference of (19) and (19 a) gives 
(21) g+Kq=28y9, and gy — Kg=2Vq; or 
symbolically, S=}3(1+K), and V=>3}(1—K). 

If two or more quaternions are equal, their scalars must be equal, 
and also their vectors; and conversely if their scalars and vectors 
are equal each to each, the quaternions must be equal. 

22. Let the planes of the two vectors, v and 2’, intersect in the 
line a; and let va = B, and v a = f’; then both £8 and f’ will be 
in the plane of Ax.v and Ax.v’, and, if y= 8+ 8,(v+o')= 
ya. But y ~ avs a vector, whose axis, in the plane of Ax.v and 
Ax.v’, makes the same angles with these axes that the line y does 
with the lines 8 and f’ respectively, and whose tensor bears the 
same ratios to Tv and Tv’ that Ty does to TB and Tf’ respectively. 


If then we set off on Ax.v and Ax. v lines whose tensors are equal 
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respectively to Tv and Tv’, a parallelogram formed on these two 
sides will be similar to the parallelogram formed on 8 and f’, and 
its diagonal corresponding to the diagonal y of the latter parallelo- 
gram, will be the axis of (v -+ 2’), and the tensor of this diagonal 
will be equal to the tensor of (v + 2’). Hereafter we shall consider 


the axis of a vector as a line of definite length, whose tensor is equal to the 
tensor of the vector. With this definition, then, 


(22) 2 Ax.v = Ax. Jv. 


23. Let the line 8 be the intersection of the planes of o and 2, 
and such that rotation around it is positive from Ax.v to Ax.v; 
and let » = a ~ B, and v = B ~ 7; then both a and y will be in 
the plane of Ax.2’ and Ax.v, and if we put 


(23) vv=a+y=q; then Ax.g=8, and <¢g= 180° — =. 
Since Uo’ o-1 =U (a + 6B) U (8 +—yv)=U(a +—-+?), if we put 
vot =—Te?.¢g= 7; then 


Az.d = f, 


(23 a) 


and <q = 180° + <g=4™". 








As a special case of (8), we have, by (16), 
(24) Ko'v= Kv. Kv = vv. 


24. Let Ax.v be in the plane of qg, and @ a line in the direction of 
Ax.q; and let va = B, andgB=y. Then 


(25)  gu=(y +8) (B-+a)=7+ a, a vector, 
Tqgv=Tq.Tv, and Ax.gv is so placed in the plane of g that 
Ax. 


= 4= <q. Therefore, 

(26) Ax.qv = q Ax.». 

From (25), (16), and (8) we deduce 

(27) Kgv=—gqvu=Kv.Kg=—v.Keg, qvu=v.Kgq; 
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and putting K gq for ¢ in (27), we get, by (5), 

(27 a) K¢.o=se.K*¢= 9¢; 

whence, making the same substitution in (26), we get by (27 a) 

(26 a) Ax.vg = Kq. Ax.v. 

Putting gv = v’, (26) becomes Ax. o = g Ax.v; whence 

(28) g=v +v>vv'= Ax.v’ + Ax, or, putting v~! for 2, 
(28 a) vv = Ax. ~— Axo} 


25. Let the line a~’, the reciprocal of the line a, be defined by 
the equations 


(29) a= Ax.v, a '= Ax; whence (Ax.v)-'= Axo’. 
Equations (26) and (28a) give respectively by the substitution 
of (29) 

(30) Ax. gu-! = q(Ax.v)—}, 


(31) v v= Ax. + (Ax.v)-? => Ax’. Ax». 


26. The results expressed in (22), (28), (31), (26), and (30) show 
that a vector, v, is, under the definitions assumed, (in § 22 and (29),) 
perfectly represented in these cases by a line, Ax.v. Thus in § 22 
the sum of vectors is proved ¢o be a vector, and (22) expresses that 
the axis of this vector may be found by adding the axes of the 
given vectors. Equation (28) shows that the quotient of two 
vectors is the same quaternion as the quotient of their axes. Equa- 
tion (31) shows that the definition (29) is so taken as to represent 
the multiplication of two vectors by the multiplication of their axes. 
Lastly, (25) shows that the product qv is, in that special case, a vector, 
and (26) shows that the axis of this vector may be found by multi- 
plying Ax.v by q; while (30) shows that the same property is true 

1 


of gv-*. The only possible cases remaining are the forms ¢g + 2, 


qv and gv—', (except the special cases (25) and (30),) vg and v—' 4; 





— 


and since these have, as yet, no meaning when a line, as Ax.z, is 
put in the place of v, we may now give them an arbitrary meaning 
in accordance with the conclusion, deduced from the other cases, 
that Ax.v may always be substituted for v; that is, that a dine ts a 
vector, and that whatever may be proved of lines is proved of the vectors of 
which they are the axes. WHamitton indeed introduces the term vector 
as a name for a straight line, deriving it from vehere, because a line 
is supposed ¢o carry a point from one of its extremities to the other. 
Afterwards, assuming its other signification, as a special case of a 
quaternion, he proceeds somewhat in the reverse order to that in 
which the subject is developed here. 

27. Any vector, v, may, by § 22, be expressed as the sum of three 


mutually rectangular vectors, v,, v, and v,, whose axes are equal 


in length to the projections * of Ax.v in their respective directions. 
If the tensors of v,, &c., are denoted by (Tv),, &c., and their versors 
by 7, 7, and & respectively, we have 


g=V¢q+S8q=(TVy).¢+(T V9), 7 + (TV 9). & + (89), 

in which the four quantities in parentheses are four independent 
elements involved in the complete determination of g. Compare § 14. 

28. The planes of the quaternions g = 8 ~ « and / = fp’ +a 
intersect in the line «; and it is evident that Sq . @ is the projection 
of 8 in the direction of a, and Vq.a its projection on a plane per- 
pendicular to a; whence it follows for the two quaternions, g and q, 
and thence by easy extension for any number, that 


(32) Sr=— JS, and V2I= JV. 


But, as the value of S JZ does not depend on what or how many 


factors the product may be composed of, so long as the product 





* For greater completeness we may add that the projection of a line in any given 
direction, that is, on any given line, is so much of the latter line as is intercepted 
between perpendiculars dropped upon it from the extremities of the former. 
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itself remains the same; while ZS evidently does depend on the 
composition of JT; it follows that we do not have in general S 7 = 
ITS. And as § 23 shows that IZ V is not necessarily a vector, we do 
not have in general V IJ = ITV. 

29. We are now prepared to deduce the following relations, con- 
necting the notation of quaternions with trigonometry. If g=8-~-a, 


(33)  Sq.Ta=TB.cos’, Sy = (TB + Ta) cos® = Ty. cos 4 


(33a) Vg.Ta=TVq.Ta.UVg=TB.sin’.y—1,, Vg=Ty.sin®.y¥—1,; 
whence 

(34) g=Ty(cos!+sin’.y—1,), Ug=cos!+sing.y—1 
and 

(35) (Sq—(V gP=T¢ (cost? + sin?) —T @—=(S9)-+(T Vg) 


The second of equations (34) is equivalent to the two equations 


@ 


(34’) SUq = cos 4, VUg=sin®. ¥—1,. 
The latter of these is equivalent to the two equations 

(34”) TVUg=s4sm(* UVUg=+y-—l.. 
By the substitution of (34’) in (33) and (33 a), we obtain 


(36) Sq=Tq.SUgq, Va=Tq.VU¢q. 
Finally, by means of (34), (11), and (34’), we get 


(37) Ug" = (cos? + sin? .¥—1,)”"=cosm 6 4 sinm 6 .¥—1, 


which coincides with the expression of Dr Morvre’s 7'heorem. 





* Tensors being always positive, if B > 180, it would be necessary to use the lower 


signs. 
[To be Continued. ] 





NOTES ON THE THEORY OF PROBABILITIES. 
By Smmon Newcoms, Cambridge, Mass. 


[Continued from Page 335, Vol, I.] 

15. Tae problem which we are about to consider is one of the 
most fruitful in the theory of probabilities, as out of it grow the 
theory of errors, the theory of chance distribution, the law of aver- 
ages, and the estimation of the probability that an observed concur- 
rence of events is the result of a law of nature. 

To find the probability that an event of which the probability on a single 
trial is p will happen s times on n trials. 

The probability that it will fail on every trial is (1 — p)", 1 — p 
being the probability that it will fail on any single trial. 

The probability that it will happen on the first trial and fail on 
the n — 1 following ones is p(1—p)*—*. But as the single event 
is as likely to occur on the 2d, 3d, nth trial as on the first, the 
probability that it will occur just once is np(1 — p)*—’. 

The probability that the event will occur on the first two trials 
and fail on the n — 2 subsequent ones is p?>(1—p)*—*. But the 
two events can equally occur on the (1, 3), (1, 4) (1,2), or the 


(2, 3), (2, 4), &c. trials ; in fact there will be "i pairs of trials on which 


the two events can occur, so that C pPA—p)y-? is the proba- 


bility that it will occur twice. 
By a process of reasoning exactly like the last, we find the prob- 
ability that it will occur s times to be 


(1) P,= Op (1— py 


which is the (s + 1)st term in the development of the binomial 
(1 —p)+p}. The sum of the probabilities of all the possible 
results of the x trials is therefore 1, as it ought to be. 
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As an example to elucidate the above, suppose that a cent is so 
formed that a head is twice as likely to be thrown as a tail, so that 
the probability of the former on each throw is 3. If the coin is 
thrown four times, the results of the four throws may be as follows. 
After each separate result is written the fraction expressing the 
probability of that result. 


No heads, ¢¢¢#¢ [== 4, 

Lhead, Attt, thtt, ttht, ttth, each 2; X4=<¢, 
Qheads, hhtt, htht, htth, thht, thth, tthh,6 x #—=4, 
3 heads, hhht, hhth, hthh, thhh, = 33, 

4 heads, Ahhh = }5. 


If we supposed heads as likely to be thrown as tails, we should 
find these probabilities to be 7%, 34, is, is ig, respectively. The 
result would evidently be the same if we supposed that four coins 
were thrown from a box together. 

16. To resume the general discussion, let us see what value of s 
is the most probable. This value we will determine by the condition 
that its probability must be greater than that of the next smaller 


number, and also greater than that of the next greater number, or 
(l1—py-*> Cp? @ — ppt; 


p 
Pp (1 — py > 4 a (1 _ 


. 8 n—s+1 s—l > 
~~ ge . Tem 


s—1 
we have from the division of the first inequality by Cp*—' (1—p)"~, 


l1—p< ——tE », which gives s <p(n-+ 1); 


and from the division of the second inequality by C p(A— py 


we have 
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1—p> iP which gives s > p (n+ 1) —1; 


s is therefore the greatest whole number in p(w-++1). If sand n 


are very large numbers, we have very nearly 


9 -= 


(2) <P. 

It follows, therefore, that in a great number of trials events are 
more likely to occur a number of times proportional to their re- 
spective probabilities than any other number. Thus if a cent is 
thrown one hundred times, heads are more likely to be thrown fifty 
than any other single number of times. But it must not be sup- 
posed that they are therefore more likely to be thrown fifty times 
than not, for it is almost as likely to be thrown 49 times or 51 times 
as fifty times. The chances that it would be thrown ezactly fifty 
times would be quite small, because there are so many other num- 
bers that might be thrown. 

17. Another deduction from the expression (1) is the following: 
however small the probability of an event on a single trial, by in- 
creasing the number of trials we can render the probability that the 
event will occur at least once as great as we please. For the proba- 
bility that it will fail on every one of the x trials being (1 — p)’; 
however small p may be, we may make z so great that (1 — p)” shall 
be as small as we please. 

18. Suppose now that x is infinitely great, and p infinitely small, 
and that np = a, a@ being a finite quantity. We may then put 
n—=n—1—n— 2, Xe. We shall then have, while s is finite, 


n* p* as 
Cy=- -=, 
n s 


1 s! 
(l= pp =(l—pf = (l— po =e’, 

e being the Napierian base. Substituting these values in (1) we ob- 

tain for the probability that the event will occur s times 





(3) 


The probability that the event will fail, is therefore ¢~*; that it will 
2 
occur once only, a ¢~*; twice only, 3 e—*, &e. 


The sum of this series of probabilities continued to infinity is 
2 3 
e*1+a+ = - + Xe.,) = e~*. & = 1, as it ought to be. 


19. We may apply this equation to the determination of the 
probability that, if the stars were scattered at random over the 
heavens, any small space selected at random would contain s stars. 


Let WV be the whole number of stars, 4 the number of units of space 


in the heavens, then = h may be taken to represent the infinitely 


small probability that the infinitely small space d/ contains a star. 
Moreover, if / represents the extent of space selected at random 


which we consider, we may consider the examination of each dh as 


, . ‘ l > 
a trial, and the number x of trials will then be 7 The value of « 


° N . . . 9° 
will then become > 4, and by substitution in (3) we have 
Meee 
(4) P=" Fel 
for the probability that the space / contains s stars. Suppose, as a 
numerical example, that / is a square degree, and V = 1500, which 


is about the number of stars of the fifth and higher magnitudes ; 


I 1 — 
s=6. We then have ; = 7555; by the substitution of these 


values in (4) we shall have the probability that any square degree 
selected at random in the heavens contains six stars. Multiplying 
this probability by 41253, the number of square degrees in the 
whole heavens, we obtain the probability that, ¢ the heavens were 
divided at random into square degrees, some one of those square degrees 
would contain six stars. This probability we find to be 
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1500° 


caaee gi « = 000000128. 


This, however, is evidently rather smaller than the probability that 
six stars should be found so near together that a square degree could 
be fitted on so as to include them. 

Mr. Mircuet. committed an error in his solution, the effect of 
which, if I mistake not, is to make his probability too great. His 
general method is, however, better applicable to this particular prob- 
lem than that given above, but as there is a margin of vagueness and 
uncertainty about the problem in question, so that the answer does 
not admit of being expressed in exact numbers without an exces- 
sively complicated process of reasoning, I have preferred to deduce 
an approximate solution from the general formule, to be used in so 
many more problems. 

20. Let us now consider Prof. Forxes’s objections to the above 
results of the calculus of probabilities. 

He scattered paint from a brush upon a wall, and found double 
and triple spots and groups innumerable. This is about as decisive 
as an attempt to disprove the Pythagorean proposition by measur- 
ing the squares described on a triangle without knowing whether it 
had or had not a right angle, and finding that one square was not 
equal to the sum of the others. As a mathematician would answer 
this objection by saying that his result only proved that he had 
either made a mistake in his measurements, or had not measured a 
right triangle ; so Prof. Forses’s result only proves that either he 


was mistaken as to the marked character of the groupings, or that 
the proximity of the components of each group was the effect of 
their positions being determined by the action of the same cause, which 
is all that the theory of probabilities claims for the Pleiades. The 
latter supposition is by no means improbable, because a group of 


spots might be formed by the breaking up of a drop after it had 
left the brush. 
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21. Prof. Forses remarked that an exactly uniform distribution of 
stars would not be expected as the result of a random distribution. 
In this he is correct; and as it is an interesting problem, we shall 


here determine what law a random distribution may be expected to 


follow. It may appear paradoxical to assert that the results of 
chance can be expected to follow any law; but such is really the 
case, and the formula (3) determines the law. As an example, sup- 
pose that the heavens are divided into 1500 equal portions, and 
that 1500 stars are distributed at random, or, to speak with more 
philosophical accuracy, that the causes which determine the position 
of each separate star are entirely independent of those which deter- 
mine the position of any other. Then by reasoning as in § 19 we 


find « = 1; and by formula (3) the probability that a unit of space 
1 


. ‘ ‘ 1 ' 1 
selected at will contains no star, will be [= sigs one star, =; 


: ; three stars &e. If we then select the whole 


aguen 1 . 
7 2e 72.86? 
1500 units we ought to expect the number which would be found 
to contain the several numbers of stars to be somewhere near 1500 
multiplied by the respective probabilities, or 


1500 . , = 
about —— = 552 portions containing no star, 


1500 
e 


1500 . F 
a 2 stars 
.- tars, 


1500 


two stars 


“ 5 “ « 1 star, 


3 stars, 
23 ; 4 stars, 


4(-+-) “ ; 5 stars, 


1 « 6 stars, 





* The acute reader will perceive that the solutions in §§ 19 and 21 are those of a 
problem slightly (though not materially) different from that actually propounded. 
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and it would be quite improbable (about 1 chance to 8) that any 
space would be found to contain more than six stars. 

If any one wishes an experimental illustration of the principle 
let him take a pint of rice, color a hundred. grains of it black, mix 
the black grains thoroughly with the remainder, and stir the mixture 
till he finds six or eight of the black grains to form a group by 
themselves. Before this result arrives he will in all probability be 


willing to admit that should he ever see such a group in such a 
mixture, he would not believe that it was formed by indiscriminate 
mixing. 


A SECOND BOOK IN GEOMETRY. 


(Continued from Page 104.] 


CHAPTER VI. 
THE PYTHAGOREAN PROPOSITION. 


91. Theorem. If a triangle has one side and the adjacent angles equal respectively to a side 

and the adjacent angles in another triangle, the two triangles are equal. — Proof. Let us sup- 

, E pose that, in the triangles ABC and DEF, we have the side 

a Y\ A B equal to the side D E, the angle at A equal to the angle D, 

Pe a and that at B equal to that at E. Let us imagine the triangle 

\ DEF to be laid upon ABC in such a manner as to place E 

upon B, and D upon A, which can be done because A B is equal 

to DE. Now, as the angle A is equal to D, the line DF will run in the same direction as 

A C, and, as it starts from the same point, will coincide with it. Also, since the angle B is 

equal to E, the line EF will coineide with BC. Whence, by article 90, the triangles are 
equal. 


A 


A cD 


92. Theorem. The opposite sides of a parallelogram are equal. — Proof. Article 90 gives 
us the only test of geometrical equality. So rig. B 
that in order to prove this theorem we must 
show that in a parallelogram like ABCD, AB 
may be made to coincide with DC, and BC 
with AD. And this would evidently be done 
if we could show that the triangle ABC is 
equalto ADC. But in these triangles the line 
AC is the same, and by article 87 the adjacent angles ACB and C AB are equal to the 
adjacent angles C AD and ACD; whence, by article 91, the two triangles are equal, and 
A D is equal to B C, and A B equal to DC. 


= —_——$ —- 
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93. Aziom. If one end of a straight line stands still while the other turns round, the end 
that moves will begin to move in a direction at right angles 
to that of the line itself. Thus if AB were to begin to 
turn about the point A, B would begin to move either 
towards C or towards D. [If this proposition is not acknowledged as an axiom, the proof is in 
Select Propositions, Nos. 12 -16.] 

94. Theorem. The angles of a triangle cannot be altered without altering the length of the 
sides. — Proof. If in any triangle, as A BC, the sides were unchangeable, any alteration of 
the angles A and B would by article 93 make the point C move in two directions at once, 
(namely, at right angles to A C, and at right angles to B C,) which is impossible, and therefore 
the angles cannot be altered. 

95. Corollary. If the three sides of a triangle are respectively equal to the three sides of 
another triangle, the angles of one must be equal to those of the other, and the equal angles 
are enclosed in the equal sides. 

96. Theorem. If the opposite sides of a quadrangle are equal, the quadrangle is a parallel- 
ogram. — Proof. If in the quadrangle A BC D (Fig. B.), the sides A B and CD are equal, 
and also the sides A D and BC are equal, then, by drawing the diagonal AC, we have the 
triangles ABC and ADC, composed of equal sides, and, by article 95, the angle D AC 
must be equal to the angle A CB, and the angle DC A to the angle BAC; whence, by 
article 89, the figure is a parallelogram. 

97. Theorem. The area of a rectangle is the product of its length by its breadth. — Proof. 
By drawing lines, at a distance apart equal to the unit of length, 
parallel to the sides of the rectangle, we shall (arts. 87 — 89) divide 
the rectangle into little squares, each of which is a unit of surface. 
Moreover, these squares are arranged in as many rows as there are 
units of length in one side of the rectangle, each row containing as 
many squares as there are units of length in the other side; so that 

the whole number of squares is found by multiplying the length of the rectangle by its breadth. 

98. Scholium. In the above proof it is taken for granted that the sides of the rectangle can 
be divided into units of length. This can usually be done by taking the units sufficiently 
short, that is to say, if the lines are not an even number of inches in length, we may take tenths 
of an inch as the unit; if they are not even tenths, we can divide them into hundredths, or 
thousandths, or even millionths, of an inch. If after dividing each line into millionths of an 
inch anything less than the millionth of an inch were left at either end, it would be too small 





Cc 
A —pB 


to be taken into consideration. There would be no error, even in reasoning, from neglecting 


it. For as long as anything is left at the ends of the lines, we can choose smaller units, but as 
long as the units are of any size at all, our reasoning holds good, and the rectangle is measured 
by the product of its dimensions. 

99. Theorem. If the angles of one triangle are equal to those of another triangle, any two 
sides of one of the triangles have the same ratio to each 
other as that of the two sides including the same angle in 
the other triangle. — Proof. Let the triangles ABC and 
DEF be equiangular with respect to each other. Place Gah’ 
the vertex A upon the vertex D, and allow the side A B to AL ye 
fall upon the side DE. Since the angles A and D are <~ a M 5 
equal, the line AC will fall upon the line DF, and since ~ 
the angles C and F are equal, the line B C will lie parallel to the line E F. 

Let the sides A B and D E be divided into units of length, Aa, aB, Bb, &. Through the 
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points of division draw lines ac, bd, &c., parallel to EF. Draw also the lines ae, Bf, &c., 
parallel to DF. By article 91, the triangles Aac, a Be, &c. are equal. By article 92, ae is 
equal to c C, Bf to Cd, &c. Hence it is easy to see that A B is composed of the same number 
of times Aa, that A C is of Ac, and that in like manner D E is as many times Da, as D F is of 
De. And thus by article 78, DE: DF = AB: DC, because each of these ratios is equal to 
Ba:ae. 

100. Scholium. If the lines A B and D E do not consist of a certain number of times the 
first unit of length which we have chosen, we may choose a unit small enough to make the re- 
mainder small enough to be neglected. 

101. Definitions. The right angle, right triangle, legs, and hypotenuse, are defined in articles 
14 and 17. 

102. Theorem. The sum of the three angles of a triangle is equivalent to two right angles. 

This proposition has been proved in articles 26-31, 34-36, and 57-62. 

103. Corollary. The sum of the two angles opposite to the legs of a right triangle is equiva- 
lent to one right angle. 

104. Corollary. If an angle opposite a leg in one right triangle is equal to an angle in an- 
other right triangle, the two right triangles are equiangular with respect to each other. 

105. Theorem. If from the vertex of the right angle in a right triangle, a line be drawn at 

Te. A. right angles to the hypotenuse dividing the hypotenuse into two 
segments, each leg is a mean proportional between the whole hy- 

i potenuse and the segment nearest the leg. — Proof. Let A BC 
C' a \ c, je be a right triangle with a right angle at C. Draw CF at right 
A 


\ \ 
~ 
7 
‘ Z 


} % angles to AB. The triangle BEC is right angled at E, and 
“a it has an angle at B equal that at B in the triangle A BC. 
stg Hence, by article 104, the triangle B EC has its angles equal 


In the same way AE: AC:: AC: AB. 
| 106. Theorem. The square on the hypotenuse is equivalent to 
| the sum of the squares on the legs. — Proof. Let A C B (Fig. A.) 
B Fe be a right triangle, with a right angle at C, and let a square be 
drawn on each side. Draw C F at right angles to AB. The figure B F will be a rectangle, be- 
cause all its angles will be right angles. It will, therefore, be measured by the product of B E 
into EF; or (since E F = B G and B G = B A), by the product of BE X BA. But since 
BC is a mean proportional between the lines B E and B A, this product is equal to BC xX 
BC, which is the measure of the square on BC. That is, the measure of the rectangle B F is 
the same as that of the square on BC. In the same manner it may be shown that the rec- 
tangle A F is equivalent to the square on AC. But the sum of these two rectangles is evidently 
equal to the square on the hypotenuse. 

107. In these thirty-one articles I have given you a proof of the Pythagorean proposition in 
the usual synthetic form. Parts of the proof are not completely filled out, but the omitted steps 
are so short and easy, that I think you will have no difficulty whatever in supplying them. Do 
not be satisfied with understanding each of the thirty-one articles, but examine them closely 
from the 76th to the 106th, and see whether I have introduced anything which is not necessary 
to the proof of 106. In making this examination, it will be most convenient for you to proceed 
backward. 


SF 

| | to those of ABC. Hence, by article 99, BE: BC=BC:BA. 
| 
| 
G 


These thirty-one articles have been here introduced as lemmas, i. e. preparatory propositions, 
for demonstrating the Pythagorean proposition. But they are also each one truths worth know- 
ing, and will aid in establishing many theorems that have no connection with a right triangle. 
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108. Another mode of analyzing this proposition would be suggested by our knowledge of 
the fact that any triangle is equivalent to half a rectangle of the same base and altitude. I 
will not lead you through this analysis, but will simply build up for you by synthesis, a 


Second Proof of the Pythagorean Proposition. 

109. Definitions. Any side of a triangle or quadrangle may be called its base, and the alti- 
tude of the figure is the distance from the base to the most distant vertex of the figure. This 
distance is measured by a straight line at right angles to the base, and contained between the 
vertex and the base, prolonged if need be. 

110. Theorem. Every parallelogram is equivalent to a rectangle of the same base and alti- 
tude. — Proof. Let ABCD be a rectangle, and Fig. ©. 

ABEF a parallelogram having the same base A B, E D F 


Le - —y 


and the same altitude BD. It is manifest that if the ; » or 
triangle B DF by which the parallelogram overlaps 

the rectangle is equal to the triangle A E C by which 

the rectangle overlaps the parallelogram, the two quad- 

rangles are equivalent. But A E and its adjacent 

angles are equal to B F and its adjacent angles, and therefore the triangles are equal (Art. 91), 
and the quadrangles equivalent. 

111. Theorem. Every triangle is equivalent to half a rectangle of the same base and alti- 
tude. — Proof. Let A F B be a triangle, and A B C D a rectangle having the same base, A B 
and the same altitude BD (Fig. C.). Continue C D to F and draw AE parallel to BF. The 
triangle A E F has its three sides equal to those of A B F; the triangles are, therefore, equal to 
each other (Art. 95) ; and each is equal to half the parallelogram A B EF, which is equivalent 
to the rectangle A B C D. 

112. Theorem. The square on the hypotenuse is equivalent to the sum of the squares on 
the legs. — Proof: Having drawn the figure (Fig. A.), as for the former proof, draw the lines 
C’ B, and B’C. The triangle A B’C has the same base A B’, and the same altitude A E as 
the rectangle A F, and is equivalent to half that rectangle. The triangle A B C’ has the same 
base A C’ and the same altitude A C as the square C’ C, and is equivalent to half that square. 
So that if the triangles A B C’ and A B’ C are equal, the rectangle is equivalent to the square. 
But these triangles are equal, for if A B’ C were turned about the vertex A as on a pivot until 
the point C covered C’, then B’ would cover B, and the triangles would coincide. For A C 
would rotate through a right angle, and A B’ through a right angle; and AC = AC’, and 
AB =AB. 

113. This proof of the Pythagorean proposition is more strictly geometrical than the preced- 
ing, as it does not involve the idea of multiplying lines to measure areas. But you must re- 
member that each is equally conclusive. I have here also omitted some of the shorter steps. 
You should not only be able to fill out these steps when the omission is pointed out to you, but 
also to discover the omission for yourselves. Take the proofs which I have written down and 
examine them step by step, asking at each step, is that strictly self-evident ? Can it be ques- 
tioned ? Can it be divided into two steps? Is there need of proof? If so, has the proof been 
given in a previous article? It is only by such an earnest study of the book and of the sub- 
ject that you can make the process of mathematical reasoning become a sure and pleasant road 
for you to the discovery of truth. 


[To be continued.] 











Editorial Stems. 


Tue following students have sent us solutions of the Prize Problems in the October Number, 

Vol. IT., of the Monthly. 

Miss AMANDA BENNETT, Red Wing, Minnesota. Prob. I. 

Miss Harriet L. Ensien, Catskill Academy, N. Y. Probs. I., IL, IIL, and IV. 

Miss Harriet S. Hazettrne, Worcester, Mass. Probs. I, IL, and IV. 

OakLEY H. Smirn, New Hampton Institution, Fairfax, Vt. Probs. I. and II. 

D. Y. Bryeuam, Ellicotteville, N. Y. Prob. III. 

SAMUEL S. Eastwoop, High School, Saxonville, Mass. Probs. I. and II. 

C. P. Marston, Public High School, Hartford, Ct. Probs. I. and II. 

Witi1am W. Jonnson, Sophomore Class, Yale College, Ct. Probs. III. and IV., and 
first part of V. 

BenJAMiIn F. WesbeErR, Wesleyan Seminary, Kent’s Hill, Maine. Probs. I. and II. 

Isaac H. Turretx, Drewersburg, Ind. Probs. I., II., III, and IV. , 

GrorGE D. Hate, Select School, Adams Centre, N. Y. Probs. I. and II. 

F. E. Hastings, Literary Institution, Suffield, Ct. Prob. I. 

G. W. Brown and Isaac Futter, Collegiate Institution, Bowden, Ga. Each Probs. I., II. 

Witiiam C. CLEVELAND, Lawrence Scientific School, Cambridge, Mass. All but V. 

WitirAMm C. Henck, High School, Dedham, Mass. Probs. I. and II. 

Cuartes B. BouTretitre, Waterville Academy, Maine. Prob. III. 

M. H. DooxitrrLe, Sophomore Class, Antioch College, Yellow Springs, Ohio. Probs. TIL, 
IV., and first part of V. 

W. D. Mersnon, Sophomore Class, Princeton College, N. J. Prob. IV. 

R. E. Leonarp, Ward School, No. 32, New York City. Probs. I. and II. 

J. B. Fossert, New London Institute, Ct. Probs. I., IT., and ITT. 

SamMvuEL I. Batpwrn, Chester Institute, Chester, N. J. Probs. I. and II. 

S. W. Burnuam, New York City. Probs. I. and II. 

M. L. StreaToR, Mayslick Academy, Ky. Probs. I., II., and III. 

G. H. Tower, Classical High School, Petersham, Mass. Probs. I. and II. 

Perrin B. Pace, Literary Institute, Nunda, N. Y. Probs. I. and II. 

J. D. Van Buren, Rensselaer Polytechnic Institute, Troy, N. Y. Probs. III., 1V., and V. 

O. B. WureterR, Sophomore Class, University of Michigan, Ann Arbor, Probs. IIL, IV., 
and V. 

JoserH Cocke and AyLett B, CoLtemMAn, Locust Grove Academy, Albemarle Co., Va. 
Each Probs. I. and IT. 

M. K. Boswortn, Sophomore Class, Marietta College, Ohio. Probs. III., IV., and V. 

W. A. AKEN, New Wilmington, Pa. Probs. I. and II. 


The following solutions, unfortunately, did not reach us in time. 
Witson Berryman and Orno E. Micnarris, Sophomore Class, N. Y. Free Academy, 
each answered all the questions. 

H. Treman, Baltimore, Md., answered all the questions but the second part of Prob. V. 
Puito Hotcoms, Hughes High School, Cincinnati, answered Prob. IV. 
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following liberal commissions: For five new subscribers, paying in advance, 
50 cents each ; for more than five and less than ten, 75 cents each ; for ten 
or more $leach. We will send a copy of our Bible Atlas, with colored 
maps, on paper of large size and best quality, to each new subscriber, on the 
receipt of his name and payment for one year. 

If you cannof give personal attention to this work, will you show this 
advertisement to some clergymen or layman who will take an interest in it, 
to whom we will give the commissions mentioned above. 

We will send specimen numbers without charge. 

Your early attention is solicited to this subject, and we shall be happy to 
hear from you immediately, as we desire to offer the paper at once to every 
family in the United States. 


SIDNEY E. MORSE, JR., & CO., 


Editors and Proprietors, No. 37 Park Row, New York. 





JUST PUBLISHED. 
Hitchcock's Anatomy and Physiology. 


FOR COLLEGES, ACADEMIES, AND SCHOOLS. 


By Pres. HITCHCOCK, D.D., LL.D., of Amherst College, Author of a “ Treatise on Geology,” etc., etc., and EDWARD HITCHCOCK, 
Jn., M.D., of Williston Seminary, Easthampton, Mass. Illustrated by nearly 400 engravings. 441 pages. Retail price, $ 1.00. 


THE Publishers have the pl of ing that this work, which 
has been in preparation for two years past, is now ready ; and offer it in 
entire confidence that it will receive a cordial welcome. Pres. HITCHCOCK 
is an and ful author of scientific works, a naturalist widely 
known for his attainments, and has been a distinguished educator for more 
than forty years. His son has for ten years past been engaged in the work 
of teaching. Their success as practical instructors, and the conscientious 
fidelity with which the present volume has been prepared, naturally afford 
abundant assurance of a superior work. The authors have availed them- 
selves of the labors of the most eminent Physiologists, American and foreign 
and they give a condensed but clear exhibition of the leading principles an 
facts which are detailed in such works as Carpenter’s Human Physiology, 
his Comparative Physiology, Hanall’s Microscopic Anatomy, Griffith and 
Henfrey’s Micrographic Dictionary, Peaslee’s Histology, Todd and Bow- 
man’s Physiological Anatomy, Wilson’s Anatomy, Draper’s, Dunglison’s, 
and Dalton’s Physiologies, and the works of Cuvier, Owen, and Weyner on 
Comparative Anatomy. The illustrations of the volume are unusually full, 
were executed by superior artists, French and German, as well as English 
and American ; and their first cost was not less than $3,000. It is believed 
that no school-book yet issued has surpassed this in the value of its illustra- 
tions, and the important aid that they render in fully understanding the text. 

Of several important new features of this book, one is the introduction of 
Microscopic Anatomy, a branch of the subject which has become 
indispensable in this study, even to the beginner. Com ative 
Anatomy and Physiology are also much more fully treated of 
here than in any other school-book on this subject now extant. 

The introduction of this department of Anatomy and Physiology it is 











hoped will not only give some knowledge of the organs and their use in the 
lower animals, but will at the same time give a much better means of ascer- 
taining the structure and functions of the human mechanism. Another new 
feature of the work is the — bearing of the subject, in a chapter 
written by the senior author. The few technical terms which it has been 
found indispensably necessary to introduce are so fully explained that the 
simplest intellect cannot fail at once, and readily, to understand them. 

Considerable attention has also been given to the important subjects of 
Hygiene and Gymnastics ; the latter is illustrated with diagrams, 
designed to facilitate the practical use of these means of healthful and 
pleasant exercise in schools and families. Ventilation, bathin 
and other personal habits, bearing upon the preservation of health, 
and many other subjects of practical usefulness, as well as scientific interest, 
are also fully discussed and illustrated. The moral tone of the work in 
every respect is unexceptionable ; the utmost care having been taken to 
treat the subjects not merely with delicacy, but with appropriate reference 
to the wisdom and goodness of the Creator. 

The Springfield Republican says :— ‘‘ At length we have the prospect of a 
class-book of Anatomy and Physiology thoroughly adapted to the use of 
schools. We have had numerous books on these comparatively new school 
studies, but they do not live. Their sufficient condemnation is that they 
die out. Pres. HiTcHCOCK, of Amherst College, and his son, Dr. HITCH- 
COCK, of Williston Seminary, have prepared a book, and from what we know 
of the authors, we cannot doubt that it will sweep the market. The work 
is handsomely illustrated, and especial attention given to Gymnastics and 
Hygiene. The men not only understand their subject, but are teachers, 
and know how to adapt their instructions to the purposes of schools.’’ 





Single Copies to TEACHERS for examination, with a view to introduction into classes, will be furnished at our store, or sent, prepaid, on 
receipt of 50 cents. 


Published by IVISON & PHINNEY, 


48 and 50 Walker Street, New York. 


SOLD BY BOOKSELLERS GENERALLY. 




















WEST POINT COURSE OF MATHEMATICS. 





Srupents entering the Military Academy of the United States at West Point are examined in Toe Unt- 
VERSITY ARITHMETIC, by Charles Davies, LL.D., Professor of Mathematics in Columbia College, New York, 
and Author of a Complete Course of Mathematics, for Schools, Academies, and Colleges. The following are 
the Text-Books used in the Institution, by Professors Church and Bartlett. 


Davies’s Bourdon’s Algebra. 

Davies’s Legendre’s Geometry and Trigonometry. 
Davies’s Elements of Surveying. 

Davies’s Descriptive Geometry. 

Davies’s Shade, Shadows, and Linear Perspective. 
Church’s Analytical Geometry. 

Church’s Elements of Differential and Integral Calculus. 
Bartlett’s Analytical Mechanics. 

Bartlett’s Acoustics and Optics. 

Bartlett’s Spherical Astronomy. 


P.S.—The above Text-Books (with one or two exceptions) are the StanpARD in the Free AcapEmy 
of New York City, the Rocnester University, University or VirerniaA, and many other Institutions 
of Learning. 


Published by A. 8. BARNES & BURR, 


51 and 53 John Street, New York. 





LIST OF NEW PUBLICATIONS 
ISSUED BY 


BROWN, TAGGARD, & CHASHE, 


25 and 29 Cornhill, Boston. 


ps PRIMARY SCHOOL TABLETS. 20 in number. Each card 
Miscellaneous. consists of two Tablets. Prepared by Jonn D. Puitsrick, 
STRICKLAND’S QUEENS OF ENGLAND. The illustrated Superintendent of the Public Schools of Boston. Price, 50 cents 
edition. Seven volumes, 8vo. Price, $1.75 per volume. per card. 
MRS. CORNELIUS’S COOK-BOOK One volume. 12mo. Price. * 
75 cents. Iubenile. 


AN ARCTIC BOAT-JOURNEY. By Dr. I. I. Hayrs, Surgeon| OUR SUMMER-HOUSE. By the Author of “ Daisy,” “ Violet,” 
of the Kane Expedition. (To be ready about January Ist.) &c.’ Beautifully illustrated. Price, 62 cents. 


One volume. 12mo. $1.00. NELLIE AND HER FRIENDS. Beautifully illustrated. Price, 
POETS AND POETRY OF VERMONT. One volume. 12mo.| — 62 cents. 


Price, $ 1.25. PICTURES FROM THE HISTORY OF THE SWISS. Beauv- 
ARCTIC ADVENTURES. By Eres Sarcent. A new edition. tifully illustrated, and very attractive. Price, 75 cents. 

Price, $ 1.26. LIFE AND ADVENTURES OF WHITENOSE WOODCHUCK. 
LIFE WITHOUT AND LIFE WITHIN. By the late MARGARET Designed for younger children, and splendidly illustrated. Price, 

FULLER ; with a new steel portrait of the authoress. (Ready 88 cents. 

about January Ist.) One volume. 12mo. Price, $1.25. These four books are entirely new and original. The first two are 

At the same time, new and uniform editions of her previous | the first volumes of new series, entitled, ‘“‘ The Summer-house Series,” 

works, comprising, and “ The Martin and Nellie Stories,” so written, however, that each 

AT HOME AND ABROAD. book is distinct in itself. 


WOMAN OF THE NINETEENTH CENTURY. Our Standard Juveniles are 
ART, LITERATURE, AND THE DRAMA. ROLLO’S TOUR IN EUROPE. In ten volumes, put up in a nice | 
Together with box. Price per set, $ 5.00. 


THE MEMOIR OF MARGARET FULLER. In two volumes. MY UNCLE TOBY’S LIBRARY. In twelve volumes. In boxes. | 
Price per set, $ 3.00. 


Educational. Hew Music-Book. 


EATON’S ARITHMETIC. Price, 75 cents. 

7 MONY. » He - & - 

UNIVERSAL SPEAKER. By N. A. Carats and W.T. Apams, | Sgr Price, SLOOPY > F Baxun and W. O. Pan 

Price, $ 1.00. The only new music-book issued this season. The demand is so 

WELD AND QUACKENBOS’S NEW PROGRESSIVE ENG-| great as to convince the publishers that it will be very extensively 
LISH GRAMMAR. Price, 50 cents. | and permanently used. 












































WELLSS NATURAL PHILOSOPHY. 
For Schools, Colleges, and Families. 


450 pages; 374 illustrations. Twentieth Edition. 


Retail Price, $ 1.00. 


FOR USE WITH OR WITHOUT APPARATUS. 





From among the hundreds of Testimonials from eminent and well-known educators, the following are offered as speci- 


mens. For several pages more of similar character, and for 


a list of HUNDREDS OF THE BEST ACADEMIES, &c. in this 


country, where the work is used with high success and approval, see Ivison, PHINNEY, & Co.’s QUARTERLY EDUCATIONAL 
News, and their New Descriptive CATALOGUE (of 172 pages) both sent free on request. 


Prof. WILLIAM HOPKINS, A.M., Genesee College, New York 
writes, March 17, 1858: — “I find ‘ Wells’s Philosophy’ a Work of 
superior merit, either for the student or general reader. The arrange- 
ment and style I consider excellent.” 

THOMAS SHERWIN, A.M., Principal of the Boston City Normal 
School, writes: — “In examining ‘ Wells’s Philosophy ’ I have found 
it more nearly correct, and more up to the times, than text-books in 
general use.” ; 

E. CONANT, A.M., Principal of Normal Institute, Royalton, Vt., 
writes : —‘“ I have made use of ‘ Wells’s ince ge for several 
terms, - find it the most satisfactory text-book on the subject that 
I know of.” 


Rev. J. R. BOYD, A.M., Principal Maplewood Female Institute, 
Pittsfield, Mass.: —“‘ We have adopted ‘ Wells’s Philosophy,’ and are 
greatly pleased with it.” 

Prof. EBENEZER EMMONS, Professor of Natural Sciences, 
Williams College, State Zodlogist, N.C.:—‘ Wells’s Series of text- 
books have my highest recommendation.” 

Rev. D. C. VAN NORMAN, D.D., Principal of Young Ladies 
Institute, New York :—“ To the practical teacher, a cursory ex- 
amination of ‘ Wells’s Philosophy’ will, I think, suffice to show its 
superiority over any school-book of the kind.” 

H. M. PIERCE, A.M., Principal Rutgers Female Institute, New 
York: — “ We have used ‘ Wells’s Philosophy’ and ‘ Chemistry ’ for 
some time past, with the highest satisfaction.” 

Prof. CLEVELAND, Philadelphia: —“I am very much pleased 
with ‘ Wells’s Philosophy,’ and shall introduce it.” 

ALFRED BROOKS, M.D., Lecturer on Physics and Chemistry, 
Southwick, Mass.: —“ I consider ‘ Wells’s a * far superior 
to any other work of like grade now before the public. The excep- 
tions of a New York critic (Harper’s Magazine) to some portions of it 
appear to me to be frivolous, and to indicate personal feeling rather 
than fair criticism. We do not want, in an elementary work, state- 
ments of every exception to general rules; but a clear outline of the 
great leading facts and principles; and this we find most perfectly 
in Wells’s Scientific Series.” 

AVERY S. WALKER, Esq., Superintendent of Public Schools, 
Lodi, N. J.: —“ After careful examination, I deem ‘ Wells’s Philos- 
ophy’ a work of much merit, and well adapted to teaching the 
science.” 

Cc. F. WINSLOW, M.D., an eminent Physicist: — “* Wells’s Series 
of Elementary Scientific Text-books pleases me more than any other 
works of like character which I have ever examined; and I believe 
I do good service to the cause of science and education in most un- 
reservedly recommending them.” 

N. T. CLARK, A.M., Principal of Canadaigua Academy, N. Y.: 
—“ We are using ‘ Wells’s Philosophy’ with great satisfaction. It 
is very much superior to Parker’s, and better suited to our wants 
than Olmsted’s.”’ 

Pres. A. W. CUMMINGS, D.D., President of Holston Conference 
Female College, N. C., writes, June, 1859: — “ We have used ‘ Wells’s 





Philosophy,’ and the least I can say of it is, that we rd it as a 
great advance upon all former efforts to present the whole science of 
Natural Philosophy in an easy yet strictly scientific and perspicuous 
manner. It is destined to be a highly popular text-book.” 

ANDREW J. RICKOFF, Esq., Superintendent of Schools in Cin- 
cinnati, and an eminent educationist, writes, May, 1859: — “‘ My ex- 
amination of Wells’s works has given me unusual pleasure, because 
they seem to approximate more nearly to the true ideal of a perfect 
elementary school-book than any others with which I am acquainted, 
whether upon these or any other school studies. I have no hesitation, 
therefore, in saying that J believe they have no equals in their respective 
departments.” 


Prof. J. H. WILLARD, Principal of the Troy Female Seminary, 
has also recently introduced “ Wells’s Philosophy” and “ Chemistry” 
into that important institution. 


Prof. E. W. EVANS, Professor of Natural Philosophy, Marietta 
College, Ohio, writes: — “‘ The ‘ Philosophy’ is the most comprehen- 
sive, the best illustrated, manual for schools and academies that I 
have ever seen on the subject.” 


Prof. J. SANDFORD BARNES, United States Naval Academy, 
Annapolis, Md., writes: — “ It is without hesitation, as it is with great 
pleasure, that I say it is, in my opinion, better adapted to popular in- 
struction than any work of the kind ever published in this country.” 

HORACE WEBSTER, LL.D., Principal New York Free Acad- 
emy, writes: —“ ‘ Wells’s Philosophy’ is the best work on this sub- 
ject, of its grade, that I ever saw.” 


Rev. CHARLES COLLINS, D.D., President of Dickinson College, 
writes :— “‘ Wells’s Philosophy’ I consider the best elementary trea- 
tise on that subject now before the public.” 


Prof. DANIEL VAUGHAN, an eminent author and lecturer on 
Physics, in Cincinnati, writes: —‘‘ I have been much delighted with 
Wells’s valuable works on ‘ Natural Philosophy’ and ‘ Chemistry.’ 
Tam acquainted with no scientific books better adapted Jor schools and 
seminaries. The ‘ Philosophy’ must be regarded as a great boon in 
the cause of education, as the works in this department generally 
studied are very defective.” 


Hon. H. C. HICKOK, Superintendent of Public Instruction of the 
State of Pennsylvania, whose critical ability and care are well known 
writes: —“‘ A cursory examination of Wells’s wpowy | illustrated 
and arranged works impress me with the belief that they are well 
adapted to their purpose, and would be invaluable in the school and 
family circle.” 


His Excellency JAMES POLLOCK, Ex-Governor of Pennsylvania: 
—‘“I have examined carefully and in detail this series of books by 
Mr. Wells, and am more than satisfied with their value and impor- 
tance as auxiliaries in the great cause of true and practical education. 
The general principles of the sciences of which they treat are stated 
clearly and concisely, and the latest results of scientific discovery and 
research are fully and correctly embraced in these volumes. They 
are admirably adapted to meet the wants of students in our schools, 
academies, and colleges, and they should have a place in the library 
of every family in the country.” 


Another page of similar notices may appear in the next number; also of commendatory reviews from the principal STATE 
EDUCATIONAL JOURNALS, and other LITERARY AND SCIENTIFIC PAPERS. 


&& To enable Teachers to verify, by personal examination, the truth of these commendations, single copies will 
be sent by mail, prepaid, on receipt of one half the published price. 





ESPECIALLY LIBERAL TERMS 


FOR FIRST INTRODUCTIONS. 





IVISON, PHINNEY, & CO., Publishers, New York. 
Sold by Booksellers generally. 














A LIBERAL OFFER CONTINUED. 





DAVIES & PECK’S MATHEMATICAL DICTIONARY. 





which time the price will be as before, viz. $2.50. 


A. 


To this popular series of Text-books have recently been 
added two entirely new works on Algebra, entitled 


NEW ELEMENTARY ALGEBRA 3 embracing the First 
Principles of the Science. By CHARLES DAVIES. 299 pp. 
12mo. Cloth. Price, 75 cents. 

BLOOMINGTON, ILL., Sept. 5, 1859. 

Messrs. A. 8S. BARNES AND BURR: — 

Gentlemen: —I have examined Davies’s New Elementary Algebra, and 
am free to say that I deem it superior in every respect to any work on 
Elementary Algebra that has come under my observation. 

Very eceeee | yours, 
OSEPH FICKLIN, 
Prof. Mathematics in Bloomington Female College. 


UNIVERSITY ALGEBRA 3 embracing a Logical Develop- 
ment of the Science, with numerous Graded Examples. By 
CHARLES DAviEs. 3820 pp. 12mo. Sheep. Price, $1.00. 

SYDNEY, O., Sept. 30, 1859. 
Sirs :— I received a copy of the University Algebra, and from a cursory 
examination of it, I think it is destined to supersede all other Algebras above 
the elementary grade in our Union Schools and Seminaries, as it comprises, 
in a convenient, concise, and compact form, all that is usually required in 
that branch of mathematics. 





Yours, &c., 
W. H. SCHUYLER, 
Principal of Union School. 


Just issued likewise : 
ELEMENTS OF MECHANICS. For the Use of Colleges, 
Academies, and High Schools. By Wm. G. Prck, M.A., Pro- 


fessor of Mathematics, Columbia College. 338 pp. 12mo. Cloth. 
Price, $ 1.25. 


Prof. B. F. STEM, Principal of Easton (Pa.) High School, writes : — 

‘This book supplies a want long felt. It is a work of deep research, 
simple in its arrangement, complete in its examples and rules, and is an 
admirable volume to assist the intelligent teacher. There can be no doubt 
but that it will have a large sale, as it deserves to have.”’ 


0G Copies of these new works will be furnished teachers for ex- 
amination, post-paid, on receipt of one half their respective prices. 


A. 8. BARNES & BURR, Publishers. 


NATURAL PHILOSOPHY FOR COLLEGES. By w. 
H. C. BArtiett, LL. D., Professor of Natural Philosophy in 
the Military Academy of the United States. 

BARTLETT’S SYNTHETIC MECHANICS ° . 

BARTLETT’S ACOUSTICS AND OPTICS ... 

BARTLETT’S SPHERICAL ASTRONOMY ‘ > 8.50 

BARTLETT’S ANALYTICAL MECHANICS . . . 4.00 


From JOHN A. NICHOLS, Professor of Natural Philosophy in the Free 
Academy, New York: — 

* Professor Bartlett's Course of Natural Philosophy, entitled Mechanics, 
and Acoustics, and Optics, have been text-books in the department of Nat- 
ural Philosophy in this institution about two years. They have been found, 
by a daily test in the class-room, to possess that essential quality of works of 
merit, namely, the more familiarly they are known, the better they are liked. 
They develop the principles of Natural Philosophy by means of the Mathe- 
matical Analysis; and, by the aid of the same unfailing agent, investigate 
the laws of machinery, the effects of friction, and other resisting forces, and 
the motion of the planets, basing every process upon the fundamental re- 
sults of observation and experiment. 

‘Tho methods of Professor Bartlett’s works reward without Peep as 
effort ; and, when faithfully studied, these works give a discipline of min 
of the highest importance to any man, whether he seeks for reputation and 
support in the study, the workshop, the mart, or the forum.”’ 


- $ 3.00 
2.00 








In consequence of the continued and repeated calls for the * DICTIONARY OF MATHEMATICS,” by Davies anv Peck, 
the publishers have decided to extend their offer to all Teachers of Mathematics, (whether Prof. Davies’s course, or any other,) to send 
them a copy of this sterling work, post-paid, for ONE DOLLAR AND THIRTY-NINE CENTS, until the 1st of February, 1860; after 


The very high commendations of this work from the most distinguished sources warrant the publishers in urging the attention of all 
teachers of the science to this opportunity of securing a superb work at a very low price. 


8S. BARNES AND BURR, 


PUBLISHERS OF 


DAVIES’S COMPLETE COURSE OF MATHEMATICS. 


aes ee Tig’ FOR COLLEGES. By Wo. Grecory, M.D., 
R.S.E., Professor of Chemistry in the wd of Edin- 
joa Edited by J. M. Sanvers, M. D., D. 


HAND-BOOK OF INORGANIC CHEMISTRY. 
the Use of Students. 
istry. 426 pp. 8vo. 


For 
To which is added the Physics of Chem- 
Cloth. Price, $1.50. 


HAND-BOOK OF ORGANIC CHEMISTRY. 
Use of Students. 480 pp. 8vo. Cloth. Price, $1.50. 


“ Among the excellences of these works are a clear statement of facts 
and principles, a concise mode of explanation, and a scientific arrangement. 
Together they form one of the best manuals extant in chemical science. 
They contain all the ‘ modern improvements’ that have attained the dignity 


of scientific truth. We give them our hearty commendation.’? — New York 
Teacher. 


For the 


Among the recent additions to the National Series of Standard 
School-Books, published by A. S. BARNEs and Burr, are several 
very valuable ones to the popular 


SCHOOL-TEACHER’S LIBRARY. 


THE NORMAL Ss or, Methods of Teaching the Common 
Branches, Orthoepy, my hy, Grammar, Geography, Arith- 
metic, and Elocution. LFRED HoLBrRook, Principal of 
Normal School, hy Ohio. 456 pp. 12mo. Cloth. 
Price, $1.00. 


‘This book is designed to bring to the teacher’s view a model working 
school, It is not all theory, but theory and practice combined. It is a text- 
book on the science of teaching, a sort of perpetual Institute to every teach- 
er who is so fortunate as to possess a copy. Those of the largest experience 
will here find things new, while the merest tyro in teaching, with ‘ The 
Normal’ for an instructor, need never be at fault in his school.’? — School 
Visitor. 

THE HIGHER CHRISTIAN EDUCATION. By Bey- 
JAMIN W. Dwicut. 3847 pp. 12mo. Cloth. Price, $1.00. 


From CHARLES NORTHEND, Author of “ Teacher and Parent.” 
“It is a work of rare merit. The book will do good. I shall earnestly 
commend it.” 


INSTITUTE LECTURES ON MENTAL AND MORAL 
CULTURE. By Samvuet P. Batss, A. M., Supt. of Public In- 
struction, Crawford County, Pa. 319 pp- 12mo. Cloth. $1.00. 

“* We find these Lectures well written, and replete with sound views and 
full information.”? — Philadelphia Press. 


The TEACHER’S LIBRARY now includes the following volumes, 
all of incalculable value to the growing teacher : — 


PAGE’S THEORY AND PRACTICE OF TEACHING . - $ 
NORTHEND’S TEACHER AND PARENT 

ROOT ON SCHOOL AMUSEMENTS, GYMNASTICS, &e. 
MANSFIELD ON AMERICAN EDUCATIO N 

MAYHEW ON UNIVERSAL EDUCATIO 

DE TOCQUEVILLE ON AMERICAN INSTITUTIONS * 
DAVIES’S LOGIC OF MATHEMATICS 

HOLBROOK’S NORMAL METHODS OF TEACHING 
DWIGHT’S HIGHER CHRISTIAN EDUCATION . 
BATES’S INSTITUTE LECTURES 

BARNARD ON SCHOOL-HOUSE ARCHITECTURE | 
BARNARD ON NORMAL SCHOOLS . 


Of these volumes, and about two benied he vabushle educa- 
tional works, a complete and extended description may be found in 
the publisher’ s Illustrated Descriptive Catalogue, which will be for- 
warded to any address on application. 


cd ded me a 
Sssssesssses 


A. 8. BARNES AND BURR, 51 and 53 John Street, New York. 




















Popular and Valuable Educational Publications 


OF 


IVISON, PHINNEY, AND COMPANY, 
NEW YORK. 


LIS IISII 


FASQUELLE’S FRENCH TEXT-BOOKS. 


By L. FASQUELLE, LL. D. 


. FRENCH COURSE, 70th edition, . . . . $1. 
. KEY TO FRENCH COURSE, *. . : 
. JUVENILE FRENCH COURSE 








25 | those Institutions during the past year. Of the one hundred and 

-63 | seventy-four incorporated Academies in the State of New York, in 

° -56 | which the French language is taught, Fasquelle’s Series is used in 
- COLLOQUIAL FRENCH READER, . - «+ «+ 75 | over one hundred, whilst the highest number of Institutions using any 
Se ee -75 | other series, or single volumes, is fifty-three. It is also the leading 
- DUMAS’S NAPOLEON, . . . . +. + .  .%5/| French Series in New Jersey, the Northwestern States, and in many 
. CHEFS D’GUVRE DE RACINE, . ° ° ° .75 | others ; and some of the volumes have been republished in England, 
- MANUAL OF FRENCH CONVERSATION, . .  .75| where they have enjoyed a very extensive sale for several years. 
- HOWARD'S AIDS, . . . ° ° ° ° 1.00 | These facts form the safest expression of the practical value and 
. TALBOT’S FRENCH PRONUNCIATION, . - «a adaptation of this Series that could be given. 

i ee of bg meet — ees Do een of two| In our Descriptive Catalogue, and previous numbers of the Educa- 

rival systems ; the Oral, ado endoff, Robertson, Manesca, | ,; : 

sah chem, wits the dd Wied as dieemnatiod’ eton, ” | tional News, we present strong recommendations from hundreds of 

This Series is now in use in a large majority of the best Colleges | practised and successful Teachers of the French Language, from all 
and Academies in New England, having been adopted in hundreds of parts of the Union. 


WOODBURY’S GERMAN SERIES. 


By W. H. WOODBURY, A.M. 


- NEW METHOD WITH GERMAN,. . . . $1.50; IX. GLAUBENSKLEE’S GRAMMAR, . . ; - $0.75 


. KEY TO THE NEW METHOD, . . - « & X. GLAUBENSKLEE’S READER, . . ‘ . - 50 
. SHORTER COURSE 5 | 


‘ —— ° . : 

- KEY TO SHORTER COURSE, . . : - .  .60| This system is founded on similar principles with Fasquelle’s 
- ELEMENTARY GERMAN READER, . ° ° -75 | French Series, and is highly popular. Retemnes to our Catalogue, 
. ECLECTIC GERMAN READER, . - «+ + 1,00] and previous numbers of the Kducational News, presents cordial tes- 
. GERMAN ENGLISH READER, .. . . 25 


. timonials from a large number of eminent educators and scholars, 
- NEW METHOD FOR GERMANS, . . .  . _ .75| among whom are 


Prof. Hoshour, N. W. C. College. Prof. Picard, Illinois College. 

Prof. Perry, Williams College. Prof. Torricelli, Dartmouth College. 
Prof. Schmidt, Columbia College. Prof. Miller, Hartwick Theological Sem. 
Prof. Beermann, Troy Female Seminary. Prof. Piessner, Union College. 


Pres. Allen, Girard College. 

Prof. Fasquelle, University of Michigan. 
Prof. Jarman, Union University, Tenn. 
Rev. Dr. Nast, Cincinnati. 


Single Copies of the above, such as are used in Classes, sent at half price to Teachers for examination, with a view to 
Introduction. Liberal terms for first supplies. 


THE AMERICAN DEBATER; 


BEING A 
Plain Exposition of the Principles and Practice of Public Debate. 
By JAS. N. McELLIGOTT, LL. D., 


PRESIDENT OF THE NEW YORK STATE TEACHERS’ ASSOCIATION. 


324 pages. Price, $1.00. 


This book presents a mass of information respecting debates and | 
debaters not to be found in any other single volume. It carefully, | 
yet briefly, shows the qualifications essential to a good debater,and| New York Tribune, Boston Traveller, Chicago Daily Journal, New 
the best modes of acquiring them ; furnishes a full course of instruc- | York Chronicle, Albany Express, Richmond Post, Springfield Repub- 
tion in the Rules ot Parliamentary Practice, grounded on the best | lican, New York Evening Post, Knickerbocker Magazine, Chicago 
authorities, and illustrates the practical working of an orderly debate | Press, Boston Post, New York Albion, Chicago Christian Times, 
by giving debates in full on interesting questions. It furnishes De- | Congregational Journal, Christian Herald, R. I. Schoolmaster, New 
bates in Outline, to be filled out according to the taste and ability of York Observer, Boston Atlas, New York Evangelist, Commercial 
the parties that use them ; presents a series of questions, with refer- | Advertiser, Newark Whig, Life Illustrated, New York Daily News, 
ences under each, to authorities or sources of information ; supplies | New York Day-Book, &c., &c. 
nearly siz hundred interesting questions for discussion, and gives 


forms of a Constitution and By-Laws for Debating Societies. | Sent, post-paid, on receipt of the price, $1.00. 
IVISON, PHINNEY, & CO., Publishers, New York. 


The following journals have commended the Debater : — 




















Harper & BROTHERS will send either of the following Works by Mail, postage paid (for any distance in the United States under 3,000 
miles), on receipt of the Money. 





ELEMENTS OF NATURAL PHILOSOPHY, 


DESIGNED FOR ACADEMIES AND HIGH 
BY ELIAS LOOMIS, 


SCHOOLS. 
LL.D. 





12mo. 350 pages. 


Sheep extra; 


$ 1.00. 





This volume is the result of many years of laborious study, and presents in an elementary form the fruits of much research. It is designed particularly 
for the use of the higher classes in Academies and High Schools, and its primary object is to cultivate the habit of philosophical reflection and observation. 


The following are a few of the Notices of Loomis’s NaturaL PuiLosopny which have been received by the Publishers: — 


“Professor Loomis’s Elements of Natural Philosophy is one of the 
best and most complete works of the kind that has been published, 
and possesses a clearness and conciseness seldom equalled. I have 
seldom seen so much useful information in one volume.” — EDWARD 
T. Fristoe, Professor of Mathematics, Columbian College, D. C. 

“This volume has the merit of being a digest, and not a compilation. 
For a large class of students it is the only suitable work on this sub- 
ject that I have seen, bringing into use, as it does, all the mathematics 
usually studied in our academies, and no more.’’ — E. W. Evans, 
Professor of Natural Philosophy in Marietta College, Ohio. 

“ Professor Loomis’s Natural Philosophy is clear, accurate, and 
methodical.” — DANrEL KrrKwoopn, Professor of Natural Philosophy 
in Indiana State University. 

The characteristics of | Mathematical Works, which we so 
highly prize, are fully sustained in his Natural Philosophy. Iam glad 
to find at last a text-book on this subject so logically expressed, so 
complete, and so accurate.” — N. B. Wexster, A. M., President of 
Virginia Collegiate Institute, Portsmouth, Va. 

“This work of Professor Loomis claims to be a philosophical treatise. 
For clearness of style and fulness of illustration we have not met its 
equal. Adapted to the higher classes in academies and high schools, 
where mathematics have been pursued only through plane trigonom- 
etry, it is ready at all times to give a reason for a phenomenon, while 
the numerous references to the every-day occurrences of life make it 
exceedingly interesting to those who do not care for demonstrations. 
We hope it will crowd out of our schools the heterogeneous productions 
that school-boys have to stuff themselves with, and thus give thorough 
instruction, that will tend to develop some faculties besides memory.” 
J. C. Swezey, Marion, Alabama. 

“Professor Loomis’s Natural Philosophy combines conciseness with 
very great clearness of illustration, and is the best text-book of the kind 
that I have examined.” — Prof. W. FERREL, Nashville, Tenn. 

“ Professor Loomis’s treatise has my decided preference as a text- 
book on Natural Philosophy. It is simple and comprehensive in its 
style, and its principles are discussed with clearness and brevity.”’ — 
J. W. Ferreg, A.M., Prof. of Mathematics, Dickinson Seminary, Pa. 

“‘ Professor Loomis’s Natural Philosophy is the best elementary 
work on this subject which I have hitherto seen. It is not only fitted 
for high schools, but is a perfect treasure for the private student. 


ALSO, PUBLISHED BY 
A TREATISE ON ARITHMETIC, 


Theoretical and Practical. Fifth Edition. 12mo. 852 pages. Sheep 
extra. 75 cents. 


ELEMENTS OF ALGEBRA. 


Designed for the Use of Beginners. Fourteenth Edition. 
281 pages. Sheep extra. 624 cents. 


A TREATISE ON ALGEBRA. 


Twentieth Edition. 8vo. 359 pages. Sheep extra. $1.00. 


ELEMENTS OF GEOMETRY AND CONIC SECTIONS. 


Eighteenth Edition. 8vo. 234 pages. Sheep extra. 75 cents. 


TRIGONOMETRY AND TABLES. 


Sixteenth Edition. 8vo. 360 pages. Sheep extra. $1.50. The 
Trigonometry and Tables bound separately: The TRIGONOME- 
TRY, $1.00; TABLEs, $1.00. 


—»pb. 





12mo. 





Every subject on which it treats is pregnant with useful knowledge.” 
A. W. Mason, Jeansville Penn. 

“ Professor Loomis’s Natural Philosophy is the best text-book on 
that subject yet published. With all its value as a text-book, it com- 
bines a pleasing style, instructive examples and illustrations, and is 

uite a readable book for others besides school-boys.” — B. W. Mc- 

ONNOLD, Professor in Bethel College, Tenn. 

“ While this volume requires of the pupil nothing beyond a knowl- 
edge of the elementary mathematics, it develops the philosophy of all 
the leading principles of mechanics and physics. Its definitions are 
clear and concise, its statement of principles methodical and accurate. 
It embraces in a duodecimo volume of 350 pages a complete digest of 
what is usually spread over three or four times this space. Nor by 
this condensation is the study rendered repulsive, but exactly the re- 
verse. We commend this work, without qualification, as one admi- 
rably adapted to interest the pupil, while it cultivates the habit of 
philosophical reflection and observation.” — New York Observer. 

“ This volume is not only an admirable treatise for the use of the 
higher classes in schools, but is a most convenient compendium of the 
latest discoveries in Natural Philosophy for the instruction of adult 
readers.” — New York Commercial Advertiser. 

“This volume is an admirable compendium of the principles of 
Natural Philosophy; yet, strange to say, it is not dull, heavy, or in- 
comprehensible, but states facts in terms that all can comprehend, and 
that few will be unable to remember.” — Baltimore Daily Times. 

‘“« Among the numerous books of its class which have originated in 
this country, this volume has no superior in clearness, accuracy, and 
comprehensiveness.’’ — Boston Courier. 

“ Professor Loomis’s works on Arithmetic, Geometry, &c., are 
models of clear and precise style, comprehensive definitions, and ac- 
curate language. This work on Natural Philosophy is marked by 
the same excellences.’’ — Toronto Globe. 

, “Ten pages of this book, which may easily be read by every me- 
chanic in his winter evenings, will so fill his head, as to leave no room 
for idle thoughts.” — Newark Daily Advertiser. 

“The study of Professor Loomis’s work will make solid thinkers, 
not smatterers. While popularizing science, he has not frittered 
away the solidity and accuracy which alone give it a title to that 
name.” — New York Daily News. 


THE SAME AUTHOR, 


ELEMENTS OF ANALYTICAL GEOMETRY, 
And of the Differential and Integral Calculus. Thirteenth Edition. 
8vo. 286 pages. Sheep extra. $1.50. 


INTRODUCTION TO PRACTICAL ASTRONOMY. 


With a Collection of Astronomical Tables. .Second Edition. 
497 pages. Sheep extra. $1.50. 


RECENT PROGRESS OF ASTRONOMY, 


Especially in the United States. Revised Edition. 
pages. Muslin. $1.00. 


8vo. 


12mo. 396 


Also in Press, by the same Author, 
ELEMENTS OF ASTRONOMY AND METEOROLOGY, 


On the same plan as the “ Elements of Natural Philosophy.” 


Published by HARPER & BROTHERS, 


Franklin Square, N. Y. 























“SILLIMAN’S JOURNAL.’ 





THE AMERICAN JOURNAL OF SCIENCE AND ARTS, 


(Two Volumes Annually, each of at least 450 pages, 8vo.) 
PUBLISHED IN NUMBERS (ILLUSTRATED) OF 152 PAGES ON THE FIRST OF EVERY OTHER MONTH, VIZ.:— 
JANUARY, MARCH, MAY, JULY, SEPTEMBER, & NOVEMBER, 
AT NEW HAVEN, CONNECTICUT. 


BY 


B. SILLIMAN, JR., AND J. D. DANA. 
$5 PER ANNUM, IN ADVANCE. 
The Journal is sent post-PArD after the annual payment is received. 


EDITED BY 


PROFESSORS B. SILLIMAN, B. SILLIMAN, Jz., aso PROF. JAMES DWIGHT DANA, 
NEW HAVEN, 
IN CONNECTION WITH 


Professor ASA GRAY, of Cambridge, Professor LOUIS AGASSIZ, of Cambridge, 
Dr. WOLCOTT GIBBS, of New York. 


This work has now been established more than forty years, and is the ONLY JouRNAL of the kind in the 
United States. It is devoted to the general interests of Puysicat and Cuemicat Science, GroLoey, 
MINERALOGY, Naturat History, MetEoroLocy, Grocrapuy, and kindred departments of knowledge, 
and contains original papers, as well as abstracts of foreign discoveries, on all these topics. 

Seventy-eight volumes have already been published,— riety in the first and TWENTY-EIGHT in the second 
Series. 

Subscribers receiving their copies direct from the Publishers remit their subscriptions to the Office of 
Smttman’s JouRNAL, New Haven, Conn. 

Most of the back volumes can be obtained of the Publishers. 

All communications, remittances, &c., to be addressed to 


SILLIMAN & DANA, 
Office of Silliman’s Journal of Science, 
NEW HAVEN, CONN. 


As an inducement to teachers and others, we offer to send this Journal for one year to any person who will 
send us the names of two new subscribers, accompanied by $10, and for every additional new subscriber we 
will allow $1 to be deducted from the remittance to accompany the name. Postage prepaid, in all cases, 
after the subscription for the current year is received. 


Hotices. 


A work which for nearly half a century has kept unflinchingly on the even tenor of its way, with a constantly growing reputation, 
has no need of culling “ notices” from the Press. A single extract from a notice of the November number of 1859, from the Boston 
Courier and National Intelligencer, will show the estimation in which it is held. 

“ We are not aware that this number, whose contents we have briefly sketched, is richer than usual. We believe it steadily supports 
the character it has earned, of being, what good authorities have pronounced, the best scientific periodical in the English language which 
covers an equal, or nearly equal, field. Its editorial staff warrants its abilities. Besides its venerable founder, there is the younger 


Silliman, and Professor J. D. Dana, our most encyclopedic and ablest general naturalist, assisted by Agassiz, Gray, and Wolcott Gibbs 
in their several departments.” 




















Confident as to the result of an impartial and intelligent examination, the Publishers will mail (post-paid) a copy of either of the works named 
below, to any teacher or school-officer remitting half the price. 


WY ws 


A 
NATURAL PHILOSOPHY, 


FOR SCHOOLS AND COLLEGES. 


By G. P. QUACKENBOS, A.M. 
12mo. 450 pages. Price, $1.00. 


MPP IOS 


This book, which is illustrated with 335 fine engravings, is equally adapted to use with or without apparatus. Teachers 
will find it distinguished, in a remarkable degree, — 

1. For clearness, fulness of explanation, and an original method of dealing with difficulties. 

2. For its correction of numerous errors heretofore current in school Philosophies. 

8. For its explanation of scientific principles as they appear in every-day life, and the practical application of these 
principles in problems presented for the pupils’ solution. 

4. The signal perspicuity of arrangement, everything being presented in its proper place. 

5. For the interest with which it invests the subject. From the outset the student is fascinated. 

6. For the embodiment of all recent discoveries. Instead of relying on the obsolete authorities that have furnished the 
matter for many of our popular school-books on this subject, the author has acquainted himself with the present state of 
science, and thus produced such a book as is demanded by the progressive spirit of the age. 

Written by one of our most popular school-book authors, ‘who admirably understands the art of adapting his instructions 
to the school-room, this work is acknowledged by the best educators in the land to be THE BOOK on Physical Science. 
Read the following extracts from letters, which might be extended through pages, did space allow. 





**T have no hesitation in saying that, in my opinion, it is the best book on 
this subject with which I am acquainted. Such a text-book makes 
learning easy and teaching a pleasure.”? — Geo. R. Perkins, LL. D., 
Author of Perkins’s Mathematical Series. 

«Tt comes more fully up to the standard of a first-class text-book on Natural 
Philosophy for High Schools and Academies than any other work with 
which I am acquainted.”? — Geo. 4. Chase, Pres. of Brookville College, 
Brookville, Ind. 

‘* It has the same clearness, elegance, and finish that characterize your other 
productions.’’— Tayler Lewis, LL.D., Prof. of Greek, Union College, 
Schenectady, N. Y. 

“Tt will soon become the favorite text-book of its kind in our Colleges and 
Schools; and this is a destiny which 1 honestly believe it richly de- 
serves.” — Rev. W. C. Duncan, D. D., Late Prof. Latin and Greek, Uni- 
versity of Louisiana, N. O. 

“T prefer it toany I have seen.’?— W. E. Clifford, Prof. of Nat. Science, 
Mineral Point, Wis. ; 

*‘ The book has no equal for the great mass of pupils in our Common Schools 
and Academies.” — 4. J. Rickoff, Late City Supt. of Schools, Cincinnati, O. 

‘¢ It has been adopted by the Board of School Commissioners of this city, for 
use in all the Public Schools of the county. We regard it as far the best 
text-book on the subject now in use.’? — P. 4. Towne, General Princ. of 
the City Public Schools, Mobile, Ala. 

**T am led to regard the work as a model of what a school-book should be. 
None but a practical teacher could have so well understood, or so hap- 
pily met, the wants of students.’ — Isaiah Peckham, Princ. of the High 
School, Newark, N. J. 

‘* It is the best book on the subject that I have seen. Its style is easy, its 
arrangement admirable, and its accuracy remarkable.’ — J. G. Ralston, 
Princ. Oakland Fem. Inst. Norristown, Pa. 

“*T regard it as better adapted to the general purposes of a School Philosophy 





than any other text I have seen.’”? — Rev. R. H. Rivers, D.D., Pres. of 
Wesleyan Univ. Florence, Ala. 

* I fully concur in the opinion of Dr. R. H. Rivers, in reference to Quacken- 
bos’s Natural Philosophy.” — Rev. R. P, Ransom, A. M., Pres. Shelbyville 
( Tenn.) Univ. 

‘In twenty-two years’ experience in teaching, I have found no work more 
to my notion than this. It is so far ahead of the old text-books, that I 
am almost ashamed to own that I ever was an instructor in them.” — 
Rev. R. L. Abernathy, Prine Rutherford Academies, Burke Co., N. C. 

‘It is, in my opinion, unsurpassed as a text-book for all learners in this 
interesting department of study.”? — Rev. Hubbard Winslow, D. D., 
Author of Intellectual Philosophy. 

‘¢ It is superior in many important points to the other elementary works on 
the same subject to which [ have had access.””>— Edward B. Smith, 
Princ. Piedmont Acad., Culpeper C. H., Va. 

“The Book is a perfect gem.”? — John S. Hart, LL. D., Princ. High School, 
Philadelphia. 

¢ Its admirable illustratiéns, joined to its familiar application of principles 
and its practical problems, place it ahead of all competitors.” — C. W. 
Callender, Pres. Tennessee Female Coll., Franklin, Tenn. 

“It is decidedly the best Philosophy I have ever examined.’’ — Jesse W. 
Cornelius, Princ. of Academy, Cedarville, Ill. 

* It is a good book, and will meet with a large circulation.’? — Rev. W. S. 
Barton, Editor Alabama Teacher, Montgomery, Ala. 

‘We are using your Natural Philosophy in our school, and find it superior 
to any work we have ever used.””— Prof. J. W. Stewart, State Female 
College, Memphis, Tenn. 

*‘ The clearness, simplicity, and accuracy, with which scientific principles 
are stated in this work, and the force with which they are illustrated, 
give it claim to a first place among the text-books on Philosophy.” — 
O. S. Dean, Princ. Susquehanna Collegiate Inst., Towanda, Pa. 


Hy the same Author. 


ILLUSTRATED SCHOOL HISTORY OF THE UNITED STATES. 
182 pages. 
ADVANCED COURSE OF COMPOSITION AND RHETORIC. 


FIRST LESSONS IN COMPOSITION. 12mo. 


12mo. 473 pages. Price, $ 1.00. 


50 cents. 


12mo. 


450 pages. $1.00. 


Published by D. APPLETON & CO., 


346 and 348 Broadway, New York. 




















ROBINSON’S 


COURSE OF MATHEMATICS. 


BY HORATIO N. ROBINSON, LL.D. 


I. Robinson’s Progressive Primary Arith- 


metic - 

It. Robinson's Progressive Intellectual 
Arithmetic, 

Ill. Robinsou's Progressive Practical Arith- 


56 | 


metic, 
IV. Robinson’s Key to Practical Arithme- 


Cy 
V. Robinson's Progressive Higher Arith- 
metic, 
VI. Robinson's New Elementary Algebra, 
VIf. Robinson's Key to Elementary Algebra, 
VIIL. Robinson's University Algebra, 


75 
75 


IX. Robinson’s Key to University Algebra, 
X. Robinson’s Geometry and Trigonome- 


try, 
XI. Robinson’s Surveying and Navigation, 
XII. Robinson's Analytical Geometry and 
Conic Sections, 1 
XIII. Robinson’s Differential and Integral 
Calculus, 1 
XIV. Robinson's Elementary Astronomy, 
XV. Robinson's University Astronomy, 
XVI. Robinson’s Mathematical Operations, 


‘: s XVII. Robinson’s Key to Algebra, Geometry, 


&c., (In Press.) 


For extent of research, facility and apiness of illustration, and practical usefulness, the author of this series is 


surpassed by no mathematical writer in this country. 


This Series has been cordially recommended by many of the 


most eminent Mathematicians in the country. Among them, — 


Hon. W. C. Larrabee, Superintendent Public Instruc- | 
tion, Indiana. | 

Hon. Jona. Tenny, Secretary Board of Education, N. H. 

Hon. Lyman C. Draper, Superintendent Public In- 
stration, Wisconsin, 

Hon. S. H. Carpenter, Assistant Superintendent, Wis- 
consin. 

Prof. Dewey, Rochester University. 

Prof. McFarland, Miami University. | 

Prof. Thompson, Hanover College. | 

Prof. Wilson, Hobart Free College. 


Prof. Stone, Iowa University. 

Prof. Beattie, Wesleyan University. 

President Rawlins, Asbury Female College. 

Prof. Standish, Knox College. 

Prof. Hudnot, Lind University, III. 

Prof. H. Pomeroy, Lawrence University, Wis. 

Rev. Dr. Conrad, Cooper Female Institute. 

President D. Burbank, LL. D., Brockport Collegiate 
Tustitute. 

Hon. Henry Kiddle, Assistant Superintendent, New 
York city. 


NEW RECOMMENDATIONS, 


In the January and March No.’s of Ivison & Pninney’s Educational News, a list of recommendations of 
Rosinson’s Works was given, including the testimonials of several Professors of Mathematics, and of more than 


Twenty County ComMIssioners of the State of New York, and of several ‘Teachers’ Associations. 


Since that time, 


and within three months, the publishers have been favored with a mass of ‘Testimonials {rom most important sources, 
which can only be referred to in this place, and which furnish the highest proofs of the great value and adaptation 
of the works. The following names are selected from hundreds of eminent ‘Teachers who have recently given cordial 


and discriminating commendations. 


Prof. D. Wood, Prof. Engineering and Physics, Uni- 
versity of Michigan. 

Prof. James C. Watson, Assistait in Observatory, Uni- 
versity of Michigan. 

Prof. S. 8S. Greene, Brown University. 

Prof. J. W. Patterson, Dartmouth College. 

Prof. T. Mc. Ballentine, Prof. of Mathematics, Cum- 
berland College, Ky. 

W. H. Seavey, A. 
mal School, Boston, 

Prof. Dascom Greene, Prof. of Mathematics, Troy 
Polytechnic Institute. 

Prof. J. W. Sterling, A. M., Prof. of Mathematics, 
Wisconsin University. 

Prof. C. Tracy, Prof of Mathematics, State Agricultu- 
ral College, Michigan. ‘ 

Prof. C. T. Farrar, Elmira Female College. 

Prof.S 1. Fowler, Prof. of Mathematics, Hillsdale Col- 
lege, Michigan. 

D. B, Paine, Byhalia Academy, Mississippi. 

Prof. W. A. Clark, Principal Genesee Wesleyan Semi- 
nary. 

Prof. W. S. Rogers, Alfred Academy, New York. 

Prof. N. W Butts, Principal Medina Academy, New 
York. 

0. 8S. Throop, President Genesee County Teachers’ As- 
sociation. 


+, Principal Girls’ High and Nor- 


| —_ oye Case, Principal Red Creek Academy, New 
vor 


Zz. s Parker, Principal Union School, Corning, New 
ork. 


| Prof. W. L. Harvey, Lagrange, Mo. 

Prof. A. U, Richmond, Cotton Hill, Georgia. 

Prof. J. 8S. French, London Bridge, New Hampshire. 
James Atwater, Esq., Superintendent Schools, Lock- 


ps N. Y. 

Prof. E. A. Charlton, A. M., Principal Union School, 
Lockport, N. Y. 

Prof. C. W. Sanders, A. M., New York. 

Prof. E. Chamberlain, Elkhorn Academy, Wisconsin. 

J. K. Comstock, West Onondaga, N. Y. 

—- L. Hall, A. M., Principal Union School, Bath, 

E. B. Hall, Union School, Fairport, N. Y. 

Prof. Rufus Sheldon, Principal Auburn Academy, N. Y. 

Prof. Charles Fairman, Prin. Yates Academy, N. Y. 

B. C. Rude, Principal Union School, Newark, N. Y. 

— Pratt, A. M., Principal Academy, Fredonia, 


T..K. McArthur, North Sharon, Pa. 

Prof. D. Brown, A. M., Cockrum, Miss. 

Prof. J. B. Snow, Principal Union School, Lyons, N. Y. 

Prof. T. Baldwin, Indiana Normal Institute, Burnetts- 
viile, Ind. 





> For 25 Sorry Paces or Testrmontats from practical and successful educators, see Ivison, 
Purney, & Co.’s Descriptive CATALOGUE, and “News.” 


@@ Single copies of such of these books as are used in classes sent at half price to Teachers for 


examination with a view to introduction. 


rIvVIsoNn, 


Liberal terms for first supplies. 


Fain NEY, 


& Co., 


Publishers, 48 and 50 Walker Street, New York. 


























a ed a a a ed ee) 


- PISTIN GUISEED “EDUCATORS 


WHO HAVE COMMENDED WORKS 


- AMERICAN EDUCATIONAL SERIES 


— or — 


IN THE 


SCHOOL AND COLLEGE TEXT BOOKS, ETC., 


PUBLISHED BY 


aN Ae as PHINNEY, & CO., 


Walker St., New Work. 


4240 & SO 


NOTT, D.D., LL.D., Union 
College. 

HOPKINS, D.D., 
College. 

DAY, D.D., LL.D., Yale Coll. 
HITCHCOCK, D. D., LL.D., 
Amherst College. 

SEARS, D.D., Brown Univer- 
sity. 

FRELINGHUYSEN, LL.D., 

Rutgers College. 

ANDREWS, D.D., Marietta 
College. 

ANDERSON, D.D., Rochester 
University. 

HORACE MANN, LL.D., An- 
tioch College 
ALDEN, Di D., Jefferson Coll. 
COLLINS, D.D., Dickinson 
College 

AND REWS, D.D., Gambier 
College. 

ae D. BACHE, Washington, 


G. p. “BOND, Harvard College. 
B. A. GOULD, Jr., Albany. 
CHARLES W. HACKLEY 
Columbia College, N. Y. 
THOMAS HILL, Pres. Anti- 
och College. 

E, OTIS KENDALL, Univer- 
sity of Pennsylvania. 
BENJAMIN PEIRCE, 
vard University. 
PARSONS, LL.D., Harvard 
University. 

SHEDD, D.D., Andover Semi- 
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HAYES, M.D., State Assayer, 
Massachusetts. 
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Prof. SANBORN, Dartmouth Coll. 
Prof. PORTER, D. D., Yale College. 
Prof. DANA, LL.D., Yale College. 
Prof. TUCKERMAN, Ambherst Coll. 
Prof. CLARK, Amherst College. 
Prof. PERRY, Williams College. 
Prof. CHADBOURNE, Williams 
College. 
Prof. NORTH, Hamilton College. 
Prof. HOPKINS, Genesee College. 
Prof. SCHMIDT, Columbia College. 
Pres. WEBSTER, LL.D., New York 
Free Academy 
Pres. ‘THOMPSON, “D. D., 
College 
Pres. GER TART, D.D., Franklin 
and Marshall College. 


Hanover 


| Pres. BAUGHER, D.D., Pennsylva- 


nia College. 

HENRY. Smithsonian Institute. 
AGASSIZ, Harvard University. 
PEARSON, Union College. 
LEWIS. LL.D., Union College. 
SILLIMAN, LL.D., Yale Coll. 
GUYOT, LL.D., Princeton 
Coliege. 

SCHANCK, M.D., Princeton 
College. 

TORR EY, LL.D., 
States Assay Office. 
DEWEY, LUL.D., Rochester 
University. 

McFARLANE, Miami Univ. 
GREENE, C.E., Troy Poly- 
technic Institute. 

STONE, Iowa University. 
POMEROY, C. E., Lawrence 
University 

J. W. STERLING, Wisconsin 
University. 
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Prof. J, O. HUDNUT, C.E., Lind 
University. 

STANDISH, Knox College. 
BEATTIE, Wesleyan Univ. 
HOVEY, Norma! University, 
Illinois. 

WINCHELL, Michigan Univ. 
MADLIN, University North 
Carolina. 

SHIPP, University North Car 
olina. 

J.S. HART, LL.D., Phila. 
BARNES, U. 8. Naval Acad. 
EVANS, Marietta College. 
HILLMAN, Dickinsgn College. 
SHERWIN, City Normal 
School, Boston. 

SEAVEY, Girls’ Norm. School, 
Boston. 
PHELPS, 
mal School. 
BEAN, Normal School, Bridge- 
ton, Maine. 

WEBSTER, Portsmouth, Va. 
HADLEY, Wabash College, 


owa. 

LINDSLEY, Nashville, Tenn. 
PRICE, University Missouri. 
SWALLOW, Univ. Missouri. 
HEMPHILL, University South 
Carolina. 

ROCKWELL, Davidson Coll. 
CRAVEN, North Caroiina Nor- 
mal College. 

CUMMINGS, D.D., Asheville, 
North Carolina. 

HARRIS, Lagrange College, 
Louisiana. 
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IVISON, PHINNEY, & CO.’S NEW DESCRIPTIVE CATALOGUE. 


1csSs Pagcs, 


Svo. 


Owing to the great number of important and influential Testimonials which have been volunteered 
since the issue of their former CATALOGUE, the Publishers have issued a 


NEW DESCRIPTIVE CATALOGUE OF 168 PAGES, 


Filled with extracts from thousands of Testimonials from Teachers and the Press in all parts of the 


Union, which will be sent, pre-paid, on application. 
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